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AREA MINIMIZING DISCS IN METRIC SPACES 


ALEXANDER LYTCHAK AND STEEAN WENGER 


Abstract. We solve the classical problem of Plateau in the setting of proper met¬ 
ric spaces. Precisely, we prove that among all disc-type surfaces with prescribed 
Jordan boundary in a proper metric space there exists an area minimizing disc 
which moreover has a quasi-conformal parametrization. If the space supports a 
local quadratic isoperimetric inequality for curves we prove that such a solution 
is locally Holder continuous in the interior and continuous up to the boundary. 
Our results generalize corresponding results of Douglas and Morrey from the 
setting of Euclidean space and Riemannian manifolds to that of proper metric 
spaces. 


1. Introduction and statement oe main results 

1.1. Introduction. The classical problem of Plateau asks to prove the existence 
of a minimal disc bounded by a given Jordan curve in Euclidean space. The first 
rigorous solutions of Plateau’s problem for arbitrary Jordan curves were given in¬ 
dependently by Douglas IIDou31ll and Rado IIRad30L In a major advance, Morrey 
IIMor48ll extended the solutions of Douglas and Rado to a large class of Riemannian 
manifolds. Beyond the setting considered in IIMor48L the existence and regular¬ 
ity of area minimizing discs is only known in a few classes of metric spaces. In 
IINik79l Nikolaev considered the case of metric spaces of curvature bounded from 
above in the sense of Alexandrov. In BMZIOH Mese-Zulkowski treated the case 
of some spaces of curvature bounded from below in the sense of Alexandrov. Fi¬ 
nally, Overath and von der Mosel IIQvdM14ll treated the case of endowed with 
a Finsler metric. The purpose of the present paper is to generalize these results to 
metric spaces under minimal additional conditions. 

Before describing our results, we briefly mention that there are many other ways 
to pose and sometimes to solve a Plateau type problem, see e.g. IIDavl4ll for some 
of these ways. For instance, one may minimize area among surfaces of fixed topo¬ 
logical type or among integral currents (generalized surfaces of arbitrary topolog¬ 
ical type). The theory of integral currents, developed by Federer-Fleming IIFF60II 
in the setting of Euclidean spaces, has been generalized by Ambrosio-Kirchheim 
BAKOOal to the setting of arbitrary complete metric spaces. Their theory allows 
to prove existence of mass minimizing integral currents in compact metric spaces 
and some locally non-compact ones, see BAKOOaH . BWenOSII . BAS 131 . BWenl4B . In 
contrast to the well developed regularity theory for mass minimizing integral cur¬ 
rents in Euclidean space, see BAlmOOB . the regularity of minimal currents in metric 
spaces seems to be very difficult to approach, see BADFSarl for some progress. We 
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will not further discuss or pursue these directions here and refer the reader to the 
aiticles above and the reference mentioned therein. 

We return to the main subject of the present paper which concerns existence and 
regularity of area minimizing discs in the setting of metric spaces. Before describ¬ 
ing our results in more detail in Section [L2] we give a rough description of some of 
the highlights of our paper. The natural analog of smooth discs in metric spaces are 
Lipschitz discs. Since Lipschitz maps lack suitable compactness properties needed 
for proving the existence of area minimizers it is inevitable to increase the range of 
admissible discs. As in the classical setting, a natural class to work with is that of 
Sobolev maps. Various equivalent definitions of Sobolev maps from a Euclidean 
domain with values in a metric space exist. Their parametrized area or volume can 
be defined in analogy with the parametrized area of a Lipschitz map via integra¬ 
tion of a suitable Jacobian. In Riemannian manifolds this yields the parametrized 
2-dimensional Hausdorff measure. In the realm of normed spaces, there exist sev¬ 
eral natural definitions of area coming from convex geometry. This yields different 
notions of parametrized areas of Lipschitz or Sobolev maps with values in metric 
spaces, one of which is the parametrized 2-dimensional Hausdorff measure. Our 
results apply to many of these notions of pai'ametrized area. Lor the sake of simplic¬ 
ity we will first formulate our results for the one coming from the 2-dimensional 
Hausdorff measure. In our first main result we show that the classical Plateau prob¬ 
lem has a solution in any proper metric space X. That is, among all Sobolev discs 
(maps from the disc to X) spanning a given Jordan curve in X there exists one of 
minimal area. Moreover, this map can be chosen to be V2-quasi-conformal. This 
means, roughly speaking, that infinitesimal balls are mapped to ellipses of aspect 
ratio at most V2. Simple examples show that the constant V2 is optimal. Lor a 
large class of metric spaces, however, we can improve the constant and obtain a 
(weakly) conformal map. Similarly to the classical solution in Euclidean space, 
energy minimizers play an important role in our approach. We show that these 
are always V2-quasi-conformal, which is again optimal. In the setting of metric 
spaces, however, energy minimizers need not be area minimizers anymore as we 
will show and thus the classical approach to solving Plateau’s problem fails; see 
however Section [TT] and IILW15L We circumvent this by proving a general lower 
semi-continuity result for the area which also yields new proofs of the lower semi¬ 
continuity of various energies. In the second part of the paper we prove interior 
and boundary regularity of quasi-conformal area minimizers in any metric space 
admitting a local quadratic isoperimetric inequality for curves. More precisely we 
prove that a quasi-conformal area minimizer is continuous up to the boundary and 
locally Holder continuous in the interior with Holder exponent only depending on 
the isoperimetric and the quasi-conformality constants. Our exponent is in many 
cases optimal. 

We now pass to a precise description of the results mentioned above and to 
further results and applications. 

1.2. Precise statements of main results. We now give a more detailed descrip¬ 
tion of some of the main results in our paper. Recall that there exist several 
equivalent definitions of Sobolev maps from Euclidean domains with values in 
a metric space, see e.g. IIAmb90L IIRes97L BResOTL BResOhll . BHKSTOlll . 

IIHKST15I . IIAT04I1 . We recall the definition of IIRes97ll using compositions with 
real-valued Lipschitz functions. 
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Let X - {X, d) be a complete metric space. In this introduction we will restrict 
ourselves to maps defined on the open unit disc D in R.^ with values in X. For 
p > \ the Sobolev space W^'P{D, X) may be defined as the space of measurable and 
essentially separably valued maps w. D ^ X for which there exists a non-negative 
function h € LP{D) with the following property: for every x e X the function 
Ux{z) d{x,u{z)) belongs to the classical Sobolev space VF'’^(D) and its weak 
gradient satisfies \Xux\ < h almost everywhere in D. Sobolev maps with values in 
X are almost everywhere approximately metrically differentiable, that is, at almost 
every point z ^ D there exists a unique seminorm on denoted apmdn^, such 
that 

. d{u{z'), u{z)) - ap md u^{z' - z) _ 

ap hm---^-= 0, 

\z' - Z\ 

see Proposition 14.31 below or BKarOVII . Using the approximate metric differentia¬ 
bility one obtains a natural notion of quasi-conformality and parametrized area of 
Sobolev maps. We say that a seminorm s on R.^ is Q-quasi-conformal if ^(v) < 
Q ■ 5(w) for all V, w € S*. Note that 5 = 0 is allowed. A map u € W^'P{D,X) is 
called 2-quasi-conformal if its approximate metric derivative ap md is Q-quasi- 
conformal at almost every z € D. If Q = I then we call u conformal. We empha¬ 
size that our notion of quasi-conformal map is different from the notion of quasi- 
conformal homeomorphism studied in the field of quasi-conformal mappings. In 
fact, our spaces X in general have arbitrary dimension and topology and thus quasi- 
conformal maps in our sense will rarely be (local) homeomoiphisms. 

As mentioned above, there are several natural notions of parametrized area in 
metric spaces. We will first introduce the one induced by the Hausdorff 2-measure 
and state our results in this case before discussing to which extent they apply to 
other notions. The parametrized Hausdorff area of a Sobolev map u € W^'^{D,X) 
is defined by 

Areafn) I J 2 (ap md r/X^(z), 

JD 

where the Jacobian 12 ( 5 ) of a seminorm s is given by the Hausdorff measure (with 
respect to the distance s on R.^) of the Euclidean unit square. In view of IHvaOSH 
and the area formula for Lipschitz maps BAKOObH this gives a natural definition of 
parametrized Hausdorff area. If u is an injective Lipschitz map or, more generally, 
an injective Sobolev map satisfying Lusin’s property (N) then Area(M) is simply 
the 2-dimensional Hausdorff measure of the image of u. 

Given a Jordan curve F in X we denote by A(F,X) the family of Sobolev maps 
u € W^'^{D,X) whose trace has a representative which is a weakly monotone 
parametrization of F. A special case of our main theorem concerning a solution 
of the problem of Plateau in metric spaces can be stated as follows. 

Theorem 1.1, Let X be a proper metric space and Y a X a Jordan curve such that 
A(F, X) 0. Then there exists u e A(F, X) which satisfies 

(1) Area(M) = inf |Area(M') : u' € A(F, X)) 

and which is ^-quasi-conformal. 

Here, a metric space is said to be proper if every closed ball of finite radius is 
compact. In general, the quasi-conformality constant V2 in our theorem is optimal, 
see Remark 16.31 However, it can be improved to conformality for a large class of 
geometrically interesting spaces, see the paragraph below. 
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In the classical proof of the solution of Plateau’s problem in Euclidean space one 
first minimizes the Dirichlet energy in the class A(r, R”) and then shows that an 
energy minimizer also minimizes area. The same reasoning cannot be used in the 
generality we work in. Indeed, we will prove that there exist metric spaces biLip- 
schitz homeomorphic to the standard two-dimensional sphere in which an energy 
minimizer is not an area minimizer, see Proposition 111.61 and the remark following 
it. Nevertheless, energy minimizers still play an important role in our proof. Before 
explaining their role, let us recall that Korevaar-Schoen IIKS93II and Reshetnyak 
IIRes97l introduced different energies of a Sobolev map u € VT'’^(D,X). Using the 
approximate metric derivative Reshetnyak’s energy, which we denote by E^{u), 
and Korevaar-Schoen’s energy, which we denote by EP{u), take the form 

(2) E’liu) = r J^(apmdM.)r/£^(z) and E^{u)= \ 
where for a seminorm 5 on we define 

(3) I+{s) max|5(v)^ : v e S'j and lavgi^) J' s{vY 

see Proposition I4.6l and fhe paragraph preceding Proposition 14.81 Reshetnyak’s en¬ 
ergy £■+(«) is equal to the p-th power of the L^-norm of the minimal weak upper 
gradient of u in the sense of IIHKST15L If X = R^ and p = 2 then Korevaar- 
Schoen’s energy corresponds to the classical Dirichlet energy. One of the main 
ingredients in the proof of Theorem 11.11 is the following result, which is of inde¬ 
pendent interest. 

Theorem 1.2. Let X be a complete metric space. Suppose that u € W^’^{D,X) is 
such that 

(4) Eliu) < Eliu o ijj) 

for every biLipschitz homeomorphism if'. D ^ D. Then u is s/l-quasi-conformal. 

As is the case for Theorem 11.11 the quasi-conformality constant V2 is optimal 
but can be improved to conformality for a large class of geometrically interesting 
spaces. Reshetnyak’s energy E^ can be replaced by Korevaar-Schoen energy E^, 
however, we only obtain the quasi-conformality constant Q = + Vti in this 

case, see Theorem 16.81 which is probably not optimal. 

We turn to the question of regularity of area minimizing discs in metric spaces. 
Without any further assumptions on the underlying space X one cannot expect 
an area minimizer even to be continuous, not even in the setting of Riemannian 
manifolds, see IIMor48L We will prove interior and boundary regularity under the 
condition of a local quadratic isoperimetric inequality. 

Definition 1.3. A complete metric space X is said to admit a uniformly local qua¬ 
dratic isoperimetric inequality if there exist Iq,C > 0 such that for every Lipschitz 
curve c. ^ X of length £x{c) < /q there exists u e W^'^{D,X) with 

Area(M) < Cixicf' 
and such that tx{u)(t) - c{t)for almost every t e S ^ 

Many interesting classes of spaces admit uniformly local quadratic isoperimet¬ 
ric inequalities. These include homogeneously regular Riemannian manifolds in 
the sense of IIMor48L compact Lipschitz manifolds and, in particular, all compact 
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Finsler manifolds; moreover, complete CAT(a') spaces for every /c e R, compact 
Alexandrov spaces, and all Banach spaces. Further examples include the Heisen¬ 
berg groups M" of topological dimension 2in-1 for n > 2, endowed with a Carnot- 
Caratheodory distance. See Section [^for more examples and for references. 

A special case of our main result concerning interior and boundary regularity of 
area minimizing discs can be stated as follows. 

Theorem 1.4. Let X be a complete metric space admitting a uniformly local qua¬ 
dratic isoperimetric inequality with constant C. Let F c X be a Jordan curve and 
suppose u € A(F, X) is Q-quasi-conformal and satisfies 

Area(M) = inf {Area(v) : v € A(F,X)). 

Then the following statements hold: 

(i) There exists p > 2 such that u € X); in particular, u has a contin¬ 

uous representative u which moreover satisfies Lusin’sproperty (N). 

(ii) The representative u is locally a-Hblder continuous with a = 
and extends continuously to all of D. 

(iii) IfT is a chord-arc curve then u is Holder continuous on all of D. 

Note that we do not make any assumptions on local compactness on X. The 
Holder exponent a is, in principle, allowed to be larger or equal to 1, which can 
be used to prove that spaces with small isoperimetric constants have to be trees, 
see Corollary 11.61 below. Unlike in the classical setting, the Holder exponent a 
in the above theorem is optimal, see Example 18.31 We would like to mention the 
following refinement of statement (ii) of Theorem 11.41 proved in Section [8] The 
classical proof of the Sobolev embedding theorems provides also in our case a 
very strong form of Holder continuity. Namely, the upper bound on the distance 
between points in u{D) leading to (ii) of Theorem 11.41 is given by estimating the 
length of the image of some curve connecting the corresponding points in D. This 
result provides, in particular, plenty of rectifiable curves in the image u{D) and can 
be used to understand to some extent the intrinsic structure of the minimal disc. 
We refer to the continuation of the present paper in BLWaH . where this structure 
will be investigated in detail. 

Our results can be improved in a large class of geometrically relevant spaces. 
We say that a metric space X satisfies property (ET) if for every u e VT'’^(D, X) 
the approximate metric derivative ap md u^ is induced by a possibly degenerate in¬ 
ner product at almost every z ^ D. Examples of such spaces include Riemannian 
manifolds with continuous metric tensor, metric spaces of curvature bounded from 
above or below in the sense of Alexandrov, equiregular sub-Riemannian manifolds, 
and infinitesimally Hilbertian spaces with lower Ricci curvature bounds. We will 
show in Section [TT] that under the additional assumption that X satisfies property 
(ET) the maps in Theorems 11.11 and 1 1 .21 mav be taken to be conformal, that is, 1- 
quasi-conformal. Moreover, in this case Theorem 1 1.2 1 also holds with Reshetnyak’s 
energy replaced by Korevaar-Schoen’s energy E^. Einally, in such spaces en¬ 
ergy minimizers are automatically area minimizers, see Theorem II 1.41 In partic¬ 
ular, Theorem 11.21 generalizes the classical result from Euclidean space to that of 
arbitrary complete metric spaces. Theorem II.II in conjunction with Theorem 11.41 
generalizes Douglas’ and Morrey’s solutions of Plateau’s problem from the setting 
of Euclidean space and homogeneously regular Riemannian manifolds to that of 
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proper metric spaces admitting a uniformly local quadratic isoperimetric inequal¬ 
ity. It also generalizes the results IINik791 . IIMZIOI . IIOvdM14ll mentioned at the 
beginning of our introduction. 

As a first application of the results described above we obtain a solution of the 
absolute Plateau problem described as follows. Let L be a metric space homeomor- 
phic to S ^ and of finite length, for example, a Jordan curve of finite length in some 
metric space. We want to minimize the area of Sobolev maps u € A(r, X) not only 
for a fixed metric space X containing T but over all such spaces. Precisely, set 

m{T) := inf{Area(v) : Y complete, i : L ^ F isometric, u € A(i(r), F)). 

This value is closely related to Gromov’s filling area in IIGro83L In our setting this 
infimum is indeed attained, due to the following solution of the absolute Plateau 
problem. 

Corollary 1.5. Let Y be a metric space homeomorphic to S ^ and of finite length. 
Then there exist a compact metric space X, an isometric embedding l: Y X, and 
a map u e A(i(r), X) such that 

Areafw) = /M(r). 

Moreover, u is xl2-quasi-conformal and has a representative which is continuous 
on D and locally ^-Holder continuous on D. 

We will discuss the exact relation with Gromov’s filling area and the relations of 
solutions to the absolute Plateau problem with boundary minimal surfaces IHvaOSH 
in the sequel BLWall of this paper. The corollary above can be reformulated by 
saying that area minimizing discs with prescribed boundary exist in all L“°-spaces 
and, more generally, in every injective metric space, see Theorem ll0.21 

Another simple application of our results is the following: 

Corollary 1.6. Let X be a proper, geodesic metric space admitting a global qua¬ 
dratic isoperimetric inequality with some constant C. If C < -^ then X is a metric 
tree, that is, every geodesic triangle in X is isometric to a tripod. 

If X satisfies property (ET) then the corollary holds with ^ replaced by In 
view of the Euclidean plane the constant ^ is optimal. The corollary is not new. 
In fact, it follows from IIWen07ll and BWenOSbll that the corollary holds for any 
geodesic metric space with the sharp constant The borderline case C = ^ 
characterizes proper CAT(0)-spaces, as will be shown in BEWbll . 

We finally discuss to what extent our results hold when the parametrized Haus- 
dorff area is replaced by the parametrized area induced by other notions of volume. 
Roughly speaking, a definition of volume in the sense of convex geometry assigns 
to each 2-dimensional normed space a constant multiple of the Haar measure in a 
consistent way, see Section |2A] Eor example, the Busemann definition of volume 
assigns the multiple of the Haar measure for which the unit ball in a 2-dimensional 
normed space has measure n, thus giving rise to the 2-dimensional Hausdorff mea¬ 
sure. Other widely used definitions of volume are Benson’s or Gromov’s mass* 
definition of volume, the symplectic or Holmes-Thompson definition of volume, 
or Eoewner’s definition of volume studied in IlIvaOSL Given a definition of volume 
p one obtains a Jacobian with respect to of a seminorm on in the same way 
as above except that one replaces the Hausdorff measure with the volume p in the 
definition of Jacobian. By integrating this yields the p-area. of a Sobolev map u 
























PLATEAU’S PROBLEM IN METRIC SPACES 


7 


denoted Area^(M). A definition of volume is said to induce quasi-convex 2-volume 
densities if any affine disc in a finite dimensional normed space has minimal ju-area 
among all smooth discs with the same boundary. All the examples of definitions of 
volume mentioned above induce quasi-convex 2-volume densities. We will show 
that Theorem o remains true when the parametrized Hausdorff area is replaced 
by the /i-area for any definition of volume which induces quasi-convex 2-volume 
densities, see Theorem l7.ll The same is true for Corollaries II. Sl and ll. 61 see Theo¬ 
rem [TO^ and Corollary 110.41 Moreover, Theorem 1 1.4 1 holds for ju-area minimizers 
for any definition of volume /i. We would like to mention that different choices of 
areas give rise to different minimizers, unless the space X has the property (ET) 
mentioned above, see Section [TT] For some of these choices of area the minimizer 
can be found by minimization of an appropriate energy (for instance £"'■ or E^). 
This will be discussed in IILW15II . 

1.3. Outlines of proofs. We next provide outlines of proofs for some of our theo¬ 
rems stated above. 

The two main ingredients in the proof of Theorem 11.11 are Theorem 11.21 above 
and Theorem 15.41 below, which provides a generalization to metric spaces of the 
classical weak sequential lower semi-continuity result for quasi-convex integrands. 
Theorem 15.41 yields the lower semi-continuity of the ju-area functional along se¬ 
quences of uniformly bounded energy whenever is a definition of volume which 
induces quasi-convex 2-volume densities. Using Theorem 11.21 together with this 
lower semi-continuity we obtain that for every u € A(r, X) there exists v € A(r, X) 
which is V2-quasi-conformal and which satisfies Area(v) < Area(M). We use 
this to pass from an area minimizing sequence to an area minimizing sequence 
of uniformly bounded energy and, together with compactness and the lower semi¬ 
continuity of the //-area, we obtain Theorem ll.il We mention that Theorem 15 .4l is 
of independent interest. Indeed, we will use it to provide in Corollaries 15. 6l and l5. 71 
new proofs of the weak lower semi-continuity of the Korevaar-Schoen energy in 
IIKS931 Theorem 1.6.1] and the Reshetnyak energy IIRes971 Theorem 4.2]. 

We briefly describe the strategy of proof of Theorem 1 1.2 1 Apart from establish¬ 
ing the result in the biggest possible generality our proof also seems more natural 
and transparent than the proof of the classical result that an energy minimizing 
Sobolev map with values in Euclidean space or a Riemannian manifold is (weakly) 
conformal. Recall that the proof of this classical result basically follows from a 
computation of the derivative of the function 1 1 -^ E^{u o (ff) for a suitable family of 
diffeomorphisms cpt of D, see e.g. BDHSlOl Chapter 4.5]. The classical construction 
of the variation (pt is global and requires the precise knowledge of the derivative of 
the energy and depends on the values of u on all of D, also far from the points 
with non-conformal derivative. The computation of the derivative of E^{u o still 
works when « is a metric space valued Sobolev map such that ap md comes from 
a possibly degenerate inner product almost everywhere. In particular, the classical 
proof can be generalized to the setting of metric spaces satisfying property (ET) 
described above. However, this kind of proof breaks down when non-Euclidean 
normed tangent spaces appear somewhere. Our proof is local and works by find¬ 
ing, modulo conformal gauges, a local variation pt in the neighborhood of a point 
where the quasi-conformality claim does not hold. 

The proof of Theorem 1 1.41 follows more or less literally the classical approach 
going back to Morrey. 
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of the functionals and Javg on seminorms on ] 


1.4. Structure and content of the paper. We provide a description of the content 
of each section of the paper and indicate some of the more general versions of the 
results stated above. 

In Section |2] we establish basic notation and recall some results which will be 
used in the sequel. In particular, we recall the notion of a definition of volume 
from convex geometry and mention the primary examples of which the Hausdorff 
measure is one. We recall the concept of quasi-convex n-volume densities induced 
by a definition of volume, which will play a role in the solution of Plateau’s prob¬ 
lem. We furthermore define fhe notion of quasi-conformal seminorms on R" and 
infroduce generalizations fo ] 
menfioned in © above. 

In Secfion [3] we recall fhe necessary background from fhe fheory of Sobolev 
maps from a domain in Euclidean space R" info complefe mefric spaces. We will 
follow fhe approach of Korevaar-Schoen IIKS93II and recall fhe equivalence wifh 
Reshefnyak’s approach IIRes97L The reason for choosing Korevaar-Schoen’s ap¬ 
proach is fhaf fheir fheory already confains many of fhe ingredienfs which we will 
need. We will furthermore provide a proof of fhe equivalence of Korevaar-Schoen’s 
fheory wifh a mefric space version of Hajlasz’s fheory |Haj961 yielding Lipschifz 
confinuify on suitable subsets, see Proposition 13.21 This will be used in the subse¬ 
quent section in order to establish the approximate metric differentiability almost 
everywhere of Sobolev maps. 

We begin Section |4] by recalling the definition of the approximate metric de¬ 
rivative ap md of a map u from a Euclidean domain Q c R” to a metric space 
X. We then prove the approximate metric differentiability almost everywhere of 
Sobolev maps u € and a strong first order approximation for distances 

of image points via the approximate metric derivative, see Proposition 14.31 As a 
by-product we then obtain representations of the Korevaar-Schoen energy EP{u) 
and the Reshetnyak energy E+Cm) in terms of the functionals J^vg and akin to 
Q and furthermore a new proof of the main result of Eogaritsch-Spadaro IIES12II 
on the representation of the Korevaar-Schoen energy. See Proposition 14.61 and 
the paragraph preceding Proposition 14.81 We furthermore introduce the notion of 
parametrized /r-volume Volp(M) of a Sobolev map u € X) induced by a def¬ 

inition of volume /i, see Definition 14.51 In the particular case of dimension n = 2 
the /r-volume will be denoted by Area^(M). 

The main result of Section [5] is Theorem 15.41 It establishes a generalization 
to metric spaces of the classical weak sequential lower semi-continuity of quasi- 
convex integrands. Using Theorem 15.41 we provide new proofs of the weak lower 
semi-continuity of the Korevaar-Schoen and the Reshetnyak energies in Corollar¬ 
ies [5]6] and |5i7j As a further and direct consequence we obtain in Corollary 15. 81 the 
weak lower semi-continuity of the volume functional Volp(-) for any definition of 
volume jj. inducing quasi-convex n-volume densities. This is later used in order to 
prove the existence of area minimizers. 

In Section[6]we prove Theorem ll.21 above and its analog for the Korevaar-Schoen 
energy. Theorem 16.81 

The main result in Section |7] is Theorem 17. 11 which provides our most general 
existence theorem for area minimizers with prescribed Jordan boundary. Precisely, 
it states that if X and E are as in Theorem l 1.1 l above and if yu is a definition of volume 
which induces quasi-convex 2-volume densities then there exists u € A(r, X) which 
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minimizes the /i-area Area^ among maps in A(r, X). Theorem 17.11 in particular 
implies Theorem 11.11 above. 

In Section [8] we state and prove our most general version of our results concern¬ 
ing interior regularity of area minimizers, Theorem 18.21 We furthermore provide 
many examples of spaces satisfying a uniform local quadratic isoperimetric in¬ 
equality. 

In Section |9] we prove the boundary regularity results, Theorems 19. 1 1 and 19.31 
which in particular imply the boundary regularity results in Theorem ll.4l 

Section [To] contains the proofs of Corollaries II. 5l and ll. 61 in fact, the more gen¬ 
eral versions for //-area for definitions of volume inducing quasi-convex volume 
densities. We also solve Plateau’s problem in every injective metric space. Theo¬ 
rem [T0i2| 

In the final Section we infroduce fhe properly (ET) mentioned above and 
show lhal many geomefrically interesting classes of spaces have Ihis properly. We 
Ihen prove lhal in spaces satisfying properly (ET) energy minimizers are confor¬ 
mal and area minimizers, see Theorems 111.31 and 111.41 We also show in Proposi¬ 
tion [TE6] lhal in spaces wilhoul properly (ET) area minimizers wilh respecl lo Iwo 
differenl definitions of area are in general different In particular, Ihis implies lhal 
in Ihis selling energy minimizers need nol be area minimizers. 


Acknowledgments: We would like lo lhank Euigi Ambrosio, Heiko von der 
Mosel, and Stephan Sladler for helpful commenls and conversations. 


2. Preliminaries 

2.1. Basic notation. The following notation will be used throughout the paper. 
The Euclidean norm of a vector v e 1." is denoted by |v|; the open unit disc in R.^ is 
the set 

D--{veR^ : |v| < 1). 

Given open sets 17 c P c R" we write U cc V to mean that U cz V. Eebesgue 
measure on R” is denoted by X". We denote by the Eebesgue measure of the 
unit ball in R”. The indicator function of a set A c R” will be denoted by 1^- An 
open subset O c R” is called Eipschitz domain if the boundary of Q. can be locally 
written as the graph of a Eipschitz function defined on an open ball of R”“^. 

Eet X = {X, d) be a metric space. The open ball in X of radius r and center 
xo € X is denoted by 


Bx{xq, r) = {x e X : d{xo, x) < r] 

or simply by B{xq, r) if there is no danger of ambiguity. A Jordan curve in X is 
a subset T c X which is homeomorphic to 5 ^ Given a Jordan curve T c X, a 
continuous map c: 5 ^ ^ X is called weakly monotone parametrization of T if c 
is the uniform limit of some homeomoiphisms c,: 5 ^ —> T. Eor m > 0 the m- 
dimensional Hausdorff measure on X is denoted by “K™ or simply by if there 
is no danger of ambiguity. The normalizing constant is chosen in such a way that 
on Euclidean R"* the Hausdorff measure “K'" equals the Eebesgue measure. 
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2.2. Rectifiable curves. Let X = {X, d) be a metric space. The length of a contin¬ 
uous curve c: 7 —> X, defined on an interval 7 c R., is given by 

ix(c) -.= sup d{c{ti), c(fi+i)) : ^ € N, e 7, ti < t 2 < • • • < 4+i 

We allow 7 to be open, closed, or half-open. The definition naturally extends to 
continuous curves defined on S ^ and, more generally, on connected 1-dimensional 
manifolds. A continuous curve of finite length is called rectifiable. 

We will need the following elementary lemma which is akin to the lemma on 
the existence of a parametrization proportional to arc-length. 

Lemma 2.1. Let c\ [a, Zj] X be a rectifiable curve. Then there exists a sense¬ 
preserving homeomorphism if/', [a, b^ [a, Zj] such that if/ and c o are Lipschitz. 

An analogous statement holds when [a, b] is replaced by 5 *. 

Proof. We may assume that a = 0 and Z; = 1 and that furthermore I := ix{c) > 0. 
Define g : [0,1] ^ [0,1] by 

1 . , t 

QiO Yi' + 2’ 

Then p is a homeomorphism and its inverse is 2-Lipschitz. We set It 

is straight-forward to check that c o is 2Z-Lipschitz. □ 

2.3. Seminorms on W. For n > 1 let denote the set of all seminorms on R”. 
Endow S„ with the metric 

ds,fs, s') max{|5(v) - /(v)| : v € 

Then (S„, dsj is a proper metric space and maybe viewed as a subset of R), 

where the latter is endowed with the supremum norm. For p > 1 we define contin¬ 
uous functions ^ [0, oo) and ^ [0, oo) by 

I'iis) :=max{5(v)P : 

and 

Jfvg(^) := w;;! r s{v)P d9<"~\v), 

Js"-' 

where a)„ denotes the Lebesgue measure of the unit ball in R”. These functions 
will be used extensively later in the paper. We have the following easy fact. 

Lemma 2.2. If s is a seminorm on R” and p >\ then 

where A > 0 is a constant depending only on n and p. If n - p - 2 then A can be 
chosen to be 1. 

Proof. The first inequality follows from the fact that n^^ ■ a)„ = 77"“’(S'”"*). As 
for the second inequality, let vq € S"“’ be such that .s'(vo)’' = I+(s). Define a 
seminorm s' on R" by ^'(rvo + w) := \r\ for all r € R and every w € R" orthogonal 
to Vq. It follows that 5(v) > ^'(v) • 5(vo) for every v € R" and hence 

s{vq)P ■ I^ygis') < I^ygis). 
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From this the second inequality follows with A := ■ Note here that A 

only depends on n and p. If n - p - 2 then 

/l“* = = n~^ I cosi9)^ d9 = 1. 

Jo 

This completes the proof. □ 

Definition 2.3. A seminorm s on R” is called Q-quasi-conformal, Q> I, if 
s{v)<Q-s(w) forallv,w €S"~^. 


If s is 1-quasi-conformal then s will be called conformal. Note that according 
to our definition the trivial seminorm 5 = 0 is conformal. A seminorm s on R” is 
conformal if and only if n~^I^^^(s) = l‘lis). 

Lemma 2.4. Let s be a seminorm on R” and Q > I. Let T : R" —> R” Zie linear 
and bijective. If the norm v |T(v)| is Q-quasi-conformal then 

(5) ■ Ilis) < I det rpi • Il{s o T) < e"-' • I’lis) 
and 

(6) < I det n-i • O T) < 

Proof Writing T as the product as T - A D • P, where D is a diagonal matrix and 
A and P are orthogonal transformations we obtain that 

(7) 2“^”“'^lirir' < I det T\ < 


where ||r|| denotes the operator norm of T and t := minyg^,, ! |r(v)|. The inequal¬ 
ities in (l5]l easily follow from this. In order to prove the inequalities in ® we 
integrate using polar coordinates to obtain for every R > 0 that 



s(vf d'H"-\v) = 2nR-^'^ f siwf d^iw). 

Jb(0,R) 


From this we infer that 

s{T{v)f d'U’^-fv) = 2n\ det T\- 


f 

Js"-^ 


'X 


s(vf d£"(v). 


T(B(0,1)) 


The inequalities in ® follow from this, the inequalities dV]), and the fact that 
T(B(0, 1)) c B(0, liril). □ 


2.4. Definitions of volume in normed spaces. In Euclidean space there exists 
essentially only one natural definition of volume, which is the Lebesgue measure. 
In contrast, in the realm of normed spaces, there exist several natural notions of 
volume. Recall from IIAPT04II the following definition. 

Definition 2.5. A definition of volume p is a function that assigns to each n- 
dimensional normed space V, n > I, a norm py on A'’V such that the following 
properties hold: 

(i) IfV is Euclidean then py is induced by the Lebesgue measure; 

(ii) If V, W are n-dimensional normed spaces and T: F —> IF linear and 
l-Lipschitz then the induced map T*: A”F ^ A" IF is l-Lipschitz; 
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Well-known examples of definitions of volume are the Busemann definition j/’, 
the Holmes-Thompson definition and the Benson (also called Gromov mass*) 
definition yu'” of volume, see e.g. IIAPT04L We also mention the Loewner (or 
intrinsic Riemannian) volume yu' studied by Ivanov IHvaOSH . 

Let yu be a definition of volume. Define the Jacobian with respect to yu of a 
seminorm s on R” by 


jU(R".i)(^i A • • • A ««) if 5 is a norm 


inis) ■- 


0 


otherwise, 


where ei,... denote the standard unit vectors in R”. Note that the function 
■S' 1 -^ JiJ(.s') is continuous with respect to the metric 

Let D c R” be an open, bounded subset and Y a finite dimensional normed 
space or a Finsler manifold. Define the parametrized yu-volume of a Lipschitz map 
u\ Q. ^ Y hy 



When n = 2 we will write Area^(n) instead of Vo1^(m). We will extend this def¬ 
inition to Sobolev maps from O to an arbitrary complete metric space in Defini¬ 
tion KB The notion of parametrized volume of a Lipschitz map is a particular 
instance of the volume of a generalized Lipschitz surface in a metric space defined 
in IHvaOSH . 

Recall the following definition. 

Definition 2.6. Let be a definition of volume and n > 1. Then yU is said to induce 
quasi-convex n-volume densities if for every finite dimensional normed space Y and 
every linear map L : M." ^ Y we have 


Voly,(L|B) < Voly,(^) 


for every smooth immersion : B ^ Y with figs - L\gB, where B denotes the 
closed unit ball in R”. 

Other names exist for this property in the literature. For example, in IllvaOSII the 
property is termed topologically semi-elliptic. Many known definitions of volume 
induce quasi-convex «-volume densities. Indeed, if a definition of volume induces 
extendibly convex n-volume densities (see e.g. IIAPT04II for the definition) in every 
finite dimensional normed space then it induces quasi-convex n-volume densities 
in the sense of Definition 12.61 This follows directly from IIAPT041 Theorem 4.23]. 
By IIAPT041 Theorem 4.28], the Gromov mass* definition of volume yu'”* induces 
extendibly convex n-volume densities in every finite dimensional normed space for 
every n > 1. By IllvaOSl Theorem 6.2], the same is true for the intrinsic Riemann¬ 
ian volume definition yuh By IIBI12L the Busemann definition of volume yu'’ induces 
extendibly convex n-volume densities in every finite dimensional normed space for 
n = 2. A well-known conjecture asserts that this be true for all n. The volume den¬ 
sities of the Holmes-Thompson definition of volume yU*’^ are not extendibly convex, 
see IIBI02L However, yU*’^ induces quasi-convex 2-volume densities by IIBI021 The¬ 
orem 1, Section 3.1]. In IIBerl4L a new definition of volume was introduced which 
induces extendibly convex n-densities in every finite dimensional normed space for 
all n and which coincides with the Busemann definition for n = 2. 
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3. Sobolev maps from Euclidean to metric spaces 


We briefly recall Korevaar-Schoen’s definition of Sobolev maps from Riemann- 
ian domains to metric spaces given in IIKS93i Since we only need Euclidean 
domains we will restrict to this setting. In Section|4]we will establish several prop¬ 
erties of Sobolev maps which will be useful in the rest of the paper. 

Throughout this section, let Q. c R" be an open, bounded subset and {X, d) a 
complete metric space. A map u : Q. A is measurable if for every open set 
V cz X the preimage u~^(V) is Eebesgue measurable. Eurthermore, u is essentially 
separably valued if there exists a set A c O of measure zero such that u{Q. \ N) is 
separable. Eor p > I denote by LP(Q., X) the space of all measurable and essentially 
separably valued maps u . Q. ^ X such that for some and thus every xq € A the 
function z d{xo,u{z)) belongs to LP{Q.). A sequence (uk) c LP{Q.,X) is said to 
converge to m e LP{Q.,X) in LP{Q.,X) if 



JQ 

as k ^ oo. Given e > 0 define 



for all z e Qe := {z' e n : dist(z',5Q) > e} and eE{z,u) := 0 for z e Q\Qe- If 
(fi e Cc(G) then write 



Ja, 

The Korevaar-Schoen p-energy of a map u € LP{Q., A) is defined by 
EP{u)\- sup limsup£'e(^, m). 

Note that EP{u) ditfers by a factor of from the p-energy defined in IIKS93II . 
where is the volume of the unit ball in W\ 

Eor p > 1 the Sobolev space W^’P{Q.,X) in the sense of Korevaar-Schoen is the 
set of maps u € LP{Q.,X) satisfying EP{u) < oo. The space A) is defined 

analogously. If m € ITf^(n, A) and if ^: A ^ F is a Eipschitz map into a complete 
metric space Y then (p o u e ITf^(n, F). 

It was shown in IIKS931 Theorem 1.5.1] that if m € IF*’^(G, A) then the measures 
, u)d£!' converge weakly as e —> 0 to an energy density measure deP{ ■, u) with 
total measure EP{u). Moreover, the measure deP{ ■ ,u) is absolutely continuous 
with respect to the Eebesgue measure by IIKS931 Theorem 1.10]. Einally, if A = R 
then VF*’^(G, A) coincides with the classical Sobolev space IFf^(Q) and the energy 
density of an element u satisfies 

deP{ ■,u) = c„,p|Vm(-)|^ dX”, 

where Vn is the weak derivative of u and p is a constant depending only on n and 
p, see IIKS931 Theorem 1.6.2]. 

In Sections [8] and |9] we will use the following terminology. Eet T c R” be 
a subset biEipschitz homeomorphic to an open interval /, and let n: E —> A be 
a map. We write u e W^'P(T,X) if u o tp e W^’P(I,X) for some and thus any 
biEipschitz homeomorphism (p: I ^ Y. This terminology naturally extends to the 
case when T is biEipschitz homeomorphic to S ^ 













14 


ALEXANDER LYTCHAK AND STEEAN WENGER 


As was shown in IIRes04ll . the spaces X) can be characterized using 

compositions with Lipschitz functions on X. See IIAmb90ll for an earlier approach 
towards metric space valued BV functions. 

Proposition 3.1. Let p > \ and u e L^(Q, X). Then u e X) if and only 

if there exists h € LP{fl) such that for every v € X the function Ux{z) ■= d{x, u{z)) 
belongs to and its weak gradient satisfies \Vux\ < h almost everywhere in 

a. 


Moreover, if u and h are as in Proposition 13. II then EP{u) < C||/z||p for some 
constant C only depending on n and p, see IIResOdH . In fact, we will see that one 
may even take C = n, see (|2T]) . Finally, h in Proposition 13. II can be chosen such 
that ||/i||p < AEP{u) for some constant A only depending on n and p, see IIResOdH 
and (|2T1) . 

Apart from Proposition 13. li the following characterization of Sobolev maps will 
be important throughout our paper. 

Proposition 3.2. Let p > I and u € LP{Q.,X). Then u € W^'P{fl,X) if and only if 
there exist g e LP{Q.) and N <zQ. with £f{N) - 0 such that 

(8) d{u{z), u{z)) < |z - z'|(g(z) + g{z)) 

for all z,z' e Ll\N contained in some ball B cc Q. Moreover, ifEP{u) < oo and Q 
is a Lipschitz domain then g may be be chosen so that ([8]) holds for all z,z! € Q.\N. 


A theory of Sobolev functions based on the condition ([S]) when O is replaced by 
a metric measure space and X = R was initiated in |Haj961. The proof of Proposi¬ 
tion [3]2] essentially follows from arguments in BHKSTOIL see also IIHKST15II . For 
the convenience of the reader we give a direct and self-contained proof here. 


Proof Suppose first that there exist g € LP(Q.) and N cz Q. negligible such that (H]) 
holds for all z,z'€Q.\N contained in some ball B cc Q. If e > 0 then 
dP{u(z), u{z')) 


eP 


< (g(z) + g(z')y < 2P \gP{z) + g^{z)) 


for all z,z'€Q.f;\N with \z- z'\ < e. In particular, we have 


u) < IP \n + p) (gP{z) + f gP(z) dX'‘{z) 
\ Jb(z,s) 

le \ N. Therefore, given Lp € Cdkl) wit 

E^((p,u) <2P~\n + p)i f gP{z)d£\z)+ f f 
\%JC2 


for every z € Og \ A. Therefore, given (p e Cc(k2) with 0 < ^ < 1, we obtain 

gP{z')d£\z')d£\z) 




< 2P{n + p)\\g\fp 


for every £ > 0 and thus EP{u) < 2P{n + p)||g||p < oo. 

Conversely, suppose EP(u) < oo. By Proposition 13.11 there exists h e LP{El) 
such that for every x € X the function Ux{z) d{x,u{z)) belongs to and 

its weak gradient satisfies |Vm;c| < h almost everywhere in O. Let {z,)i€N c O be a 
countable dense subset. For each i let B, c Q be the open ball of maximal radius 
centered at Zi- Fix x € X. There then exist negligible sets A,- c B,- such that 


(9) \uxiz) - ux{z')\ < C\z - z'|(M(|Vn,|)(z) + M(|Vn,|)(z')) 


for all z, z' e Bi \ Ni, by e.g. BGTOll Lemma 7.16] and IIZie891 Lemma 2.83]. Here, 
C is a constant depending only on n, and M{\Vux\) denotes the maximal operator 
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of \Vux\. Set N' := UA^, and note that N' is negligible. Define g{z) '■= CM{h){z) for 
all z € O. Since h e LP{Q.) it follows from the maximal function theorem that g is 
in LP{Q.). Moreover, by I®, we have 

(10) \ux{z) - u^{z)\ < |z - z'|(g(z) + g{z)) 

for all z,z' € Q.\N' such that z, z' € Bi for some i. 

Since u is essentially separably valued it readily follows from the above that 
there exists a negligible setN (Z Q. such that ([8l) holds for all z,z' € Q.\N contained 
in some Bi. Since every ball B cc Q is contained in S, for some i this proves the 
claim. 

In order to prove the last statement of the proposition, suppose that O is a 
bounded Lipschitz domain and EP{u) < oo. We begin by making the following 
observation. There exist finitely many open subsets 17, of Q, / = 1,..., m, each of 
which is biLipschitz homeomorphic to a ball and such that for all z, z' € Q. there 
exists / such that z and z' are both in 17,•. This observation is used as follows to 
prove the last statement. As explained above, for every x € X and every open ball 
B c Q, there exists Nb c B negligible such that (fTTl) holds for all z, z' € B \ As and 
for a constant C only depending on n. The same is then true with B replaced by a 
biLipschitz copy of B in Q and with a constant C depending on n and the biLip¬ 
schitz constant of the homeomorphism. From this together with the observation 
we obtain that for every x e X there exist C (possibly depending on O but not on 
x) and a negligible set A c Q such that 

(11 ) |m^(z) - Ux{z)\ < C\z - z'|(M(|Vm;,|)(z) -p M{\Vu^\){z)) 

for all z,z' e D \ A. The same arguments as above show that ([8ll holds for all 
z, z' e D \ A for some negligible set A c Q. □ 

Proposition 3.3. Let u € X) with p > n. Then u has a unique representa¬ 

tive u satisfying 

(12) d{u{z), u{z)) < C|z - zV~^ 

for every ball B c Q. and all z,z' € B, where C depends only on n, p, and 
EP{u). Moreover, u satisfies Lusin’s property (N) and the set u{Q.) is countably 
-rectifiable. Einally, ifQ. is a Lipschitz domain then (1121) holds for all z,z' e D 
with a constant C depending on n, p, EP{u), and O. 

We recall that a map u: Q. X is said to satisfy Lusin’s property (N) if 
‘K”(m(A)) = 0 whenever A c O has measure 0. Moreover, a set A c X is called 
countably 'K”-rectifiable if there exist countably many Lipschitz maps (/?,: X, c 
R" ^ X, / € N, such that El" (A \ UififKi)) = 0. 

Proof. The first and last statement of the proposition are a consequence of Propo¬ 
sition [3A] and the remark following it together with Morrey’s inequality for classi¬ 
cal Sobolev functions. The fact that the continuous representative u ol u satisfies 
Lusin’s property (N) then follows e.g. as in Proposition 2.4 of IIBMT13L Finally, 
the countable “/-("-rectifiability of u{Q.) is a consequence of ProDosition l3.2l together 
with the fact that u satisfies Lusin’s property (N). □ 

Suppose now that Q c R” is a bounded Lipschitz domain. The trace of a Sobolev 
map u e W^'P{Q.,X) with p > \ can be defined as follows. Set J = (-1,1) and 
I = (-1,0). Given x € dQ. there exists an open neighborhood (7 c R” of x, an 
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open set V c and a biLipschitz homeomorphism ip\ V x 7 —> IJ such that 
ip(y X I) = U (ID. and (p{V x {0}) = U C\ 50. For -almost every v e F the map 
t hA uoip{v, t) is in X) and thus has an absolutely continuous representative, 

again denoted by u o (p{v, •). For ‘K”“^-almost every point z € 17 n 50 the trace of 
M at z is defined by 


tr(M)(z) := lim u o ip{v,t), 


where v e F is such that ^(v, 0) = z- It follows from IIKS931 Lemma 1.12.1] 
that the definition of trfu) is independent of the choice of tp and thus, by using a 
finite number of biLipschitz maps, is well-defined ^/"“^-almosf everywhere on 50. 
Furthermore, by IIKS931 Theorem 1.12.2], fhe frace map fr(M) is in L^(50, X). 

The following lemma will be used in fhe proof of Theorem 17. II 

Lemma 3.4. Let O c R" a bounded Lipschitz domain, and let xq € X and 
R> 0. If u e IF^’^(0, X) with I < p < n and such that 

fr(M)(z) € B{xo, R) 

for almost every z e 50 then 

(13) r dP{u{z),xo)d£\z)<C{RP+ EP{u)), 

Jn 

where C is a constant only depending on O and n and p. 

Proof Define a 1-Lipschifz funcfion ^ : X —> R by 

Lp{x) := max{0, d{x, .vq) - f?) 

and nofe fhaf ip{x) - 0 for all y € B{xq,R). Then (p o u belongs fo fhe classical 
Sobolev space IF*’^(0) by IIKS931 Theorem 1.6.2]. In particular, (/? o u is approx- 
imafely differenfiable almosf everywhere wifh approximafe derivafive equal fo fhe 
weak derivafive. If fhus follows fhaf af almosf every z € O, fhe weak derivafive of 
(p ouis, bounded by 


\d£ip o u)(v)| < ap md ufv) 


for every v e R”. By Lemma |2j2j fhere exisfs A depending only on n and p such 
fhaf 


\V{(p o m)(z)|^ < J+(apmdMj.) < d J^vgCap md Uj.) 


for almosf every z € O, and hence 



Since fr((/3 o u) - 0 we may use fhe Sobolev inequalify fogefher wifh Holder’s 
inequalify fo esfimafe 


\\ip o u\\p < C' |V((/j o u)(z)|^ 5£”(z)j < C'ApEP(u)i’ 

for a consfanf C only depending on n and p and O. Now, inequalify (fT^ follows. 

□ 

The resfricfion of a Sobolev map fo a subdomain is a Sobolev map. Conversely, 
lef 01,02 c R” be bounded, disjoinf Lipschifz domains and lef IF be a common 
boundary componenf of Oi and O 2 . Then 0 = 0iU02UlFisa Lipschifz domain. 
If Ui € IF*’^(0,',X), i = 1,2, are such fhaf fr(ui) = tr(M 2 ) almost everywhere on IF 
then the map u defined as u, on O, is in IF^’^(0, X), see IIKS931 Theorem 1.12.3]. 
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The following lemma will be needed in Section [S] 

Lemma 3.5. Let O, O' c R” be bounded Lipschitz domains with O' c Q. Let 
p > I and let u € and v € be such that tr(v) = tr(M|n') 

almost everywhere. Then the map u: Q. ^ X which coincides with v on Q' and 
with u on Q.\Q.' is in W^’P{Q.,X) and satisfies tr(n) = tr(M) almost everywhere. 

We note that the lemma will only be used in the case that O is an open ball. 

Proof. There exist a neighborhood Oq of dQ. and a biLipschitz homeomorphism 
if'. LIq Oq with the following properties. The set Oq is a Lipschitz domain 
decomposed by dLl in two connected components, and (p fixes dQ. and exchanges 
the two connected components. Setfl"** := Q.()\Q.. Then the map m"** - uop-. LP ^ 
X is contained in and satisfies fr(M''')|an - tr(M). Set Q Oq U O. By 

the paragraph preceding the lemma, the map w: O —> X which coincides with u on 
Q. and with m'*' on fl'*' is contained in 1T^'^(Q,X). Since Q! and Q \ O' are Lipschitz 
domains and = tr(v) almost everywhere on dQ! it follows again from the 

paragraph above that the map which coincides with v on Q' and with w on Q \ Q' is 
contained in VT^’P(Q,X). The restriction of this map to O is exactly u and satisfies 
tr(M) = tr(M). □ 


4. Differentiability properties of Sobolev maps 


The aim of this section is to establish some differentiability properties of Sobolev 
maps which will be used in the rest of the paper. Throughout this section, D c R” 
will be an open, bounded subset and {X, d) a complete metric space. 

Recall that for a map u.Q^X the metric directional derivative of « at z e Q 
in direction v e R” is defined by 


vaAufiv) := lim 

r—>0+ 


d{u(z + rv), u(z)) 
r 


if the limit exists. It was shown in IIKir94ll that if u is Lipschitz then for almost every 
z € Q the metric directional derivative md ufv) exists for all v € R” and defines 
a seminorm on R". The following notion of approximate metric differentiability, 
which already appears in BKarOVL will be useful in the sequel. 


Definition 4.1. A map u: Q ^ X is called approximately metrically differentiable 
at z^Qif there exists a seminorm s on R” such that 


ap lim 
z'—^z 


d(u{z'), u{z)) - s{z' - z) 
\z' - z\ 


= 0 . 


For the definition of approximate limit see e.g. IIEG92i The seminorm, if it 
exists, is unique and will be called the approximate metric derivative of « at z and 
denoted by ap md u^. It is straight-forward to check that the following holds. 


Remark 4.2. If u is Lipschitz then u is approximately metrically differentiable at 
z if and only if the metric directional derivative md ufv) exists for all v € R” and 
md u^ is a seminorm. In this case one has ap md u, - md u^. 

Every classical Sobolev function u e is approximately differentiable at 

almost every z € Q and thus also approximately metrically differentiable at z with 

ap md ufy) - \ ap d^M(v)| 
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for every v e R”. Here, ap d^u denotes the approximate derivative of u at z. It was 
proved in BKarOVII that Sobolev maps to metric spaces are approximately metrically 
differentiable almost everywhere. We prove the following stronger result. 

Proposition 4.3. Let p > \ and u e W^'P{Q.,X). Then 

(i) u is approximately metrically differentiable at almost every z € O and 
Z apmdn^ i^ measurable as a map to S„; moreover, the function z 
J^(ap md uf) is in LP{Q.); 

(ii) there exist countably many compact, pairwise disjoint sets c Q, i e N, 

such that \ ^Ki) = 0 and such that the following property holds: 

for every i e N and every e > 0 there exists rfe) > 0 such that u is 
approximately metrically differentiable at every z e Ki and 

\d{u{z + v), u(z + w)) - ap md u^{v - w)\ < e\v - w\ 

for every z € Ki and all v,w e R” with |v|,|>v| < r,(e) and such that 
z + v,z + w € Ki. 

It is worth mentioning that for almost every z € Q and every v € R" we have 
(14) apmdn^Cv) = |m*(v)|(z), 

where |m*(v)|(z) is the directional energy-density function defined in IIKS931 Theo¬ 
rem 1.9.6]. This follows from Proposition 14. 3 1 together with IIKS931 Lemma 1.9.5, 
Theorem 1.8.1]. 


Proof After possibly writing Q. as the countable union of (closed) cubes and re¬ 
stricting u to a fixed open cube we may assume that is an open cube and thus is 
bounded and has Lipschitz boundary. By Proposition 13. 2l there exist g € LP{£l) and 
a negligible set A c O such that 

d{u{z), u{z)) < |z - z\{g{z) + g(z')) 


for all z,z' € n \ A. For j > 1 define Ay {z e H \ A : g(z) < jj and note that u\aj 
is ( 27 )-Lipschitz. Clearly, we have JffLl \ UAy) = 0. 

Denote by €°°{X) the Banach space of bounded functions on X, endowed with 
the supremum norm. Using a Kuratowski embedding, we may view X as a subset 
of C°°{X). Fix 7 > 1 and let if: O —> (°°{X) be a Lipschitz extension of By 
IIKir94[ Theorem 2], the metric derivative mAufy) exists for almost every z € Q. 
and for all v € R” and md u^ is a seminorm. Moreover, there exist compact subsets 
K'. cz Q, i € N, such that mdu^ exists and is a seminorm for all z € K'., such that 
\ UAp = 0 and the following holds: for every i € N and every e > 0 there 
exists r'fe) > 0 such that 

(15) I ||m(z -I- v) - u(z + w)||oo - md u^{v - w)| < e|v - w| 


for every z e K'. and all v, w € R" with |v|, |w| < r'fs) such that z + w e Kf, see 
HWenOSal Theorem 2.3] for this variant of IIKir941 Theorem 2]. From this it follows 
that for every z e Ay n K'., every e > 0, and every 0 < r < Pfs) we have 



B(z, r) n D : 


\d(u(z'), u{z)) - md ufz' - z)| 

k' - 



czB(z,r)\{AjnK'.). 


In particular, if A, denotes the Lebesgue density points of Ay n K'. then u is ap¬ 
proximately metrically differentiable at every z e A, and apmdu^ = mdu^. Since 
the map z i--> md u^ is measurable as a limit of measurable maps it follows that 
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z 1 -^ ap md is measurable as a map from A', to S„. By (fTSl) . we moreover obtain 
that 

\d{u{z + v), u{z + w)) - ap md u^{v - w)| < s\v - w\ 

for every z € A',- and all v, w € R” with |v|, |w| < /.(e) and such that z + v, z + w e A', . 
In particular, if z € A', is such that g is approximately continuous at z then 

ap md M,(v) < 2g(z)|v| 

for every v € R.”. Now, statements (i) and (ii) easily follow since ■C'iAj \ UA',) = 0 
and \ UAy) = 0. Note that the Ki may be taken to be compact and pairwise 
disjoint by passing to smaller sets. □ 

Remark 4.4. The proof shows, in particular, that if n € W^^P{Q.,X) and g € LP{Q.) 
is such that ([8l) holds then 

apmdn^Cv) < 2g(z)|v| 

for almost every z € Q and every v € R”. 

Using the approximate metric differentiability of Sobolev maps, we can extend 
the definition of the parametrized volume given in Section 12.41 to metric space 
valued Sobolev maps as follows. Let /r be a definition of volume as in Definition l2.5l 
and recall the notion of Jacobian J^(.s') with respect to /r of a seminorm 5 on R”. 

Definition 4.5. The parametrized p-volume of a map u € Jf) is defined by 



When n-2we will write Are.n^{u) instead o/Volp(M). 

If p is the Busemann definition of volume and n = 2 then Area^(M) becomes 
the parametrized 2-dimensional Hausdorff measure which was simply denoted by 
Areafn) in the introduction. 

The Korevaar-Schoen energy can be represented using the approximate metric 
derivative as follows. 

Proposition 4.6. Let p > I and u € VT'’^(n, A). Then the Korevaar-Schoen energy 
density measure ofu is given by 


de^\ ■ ,u) - lavgi^V md “) dXf 


(16) 


and, in particular, the Korevaar-Schoen energy of u is 



Jn 


This is a direct consequence of IIKS931 (l.lOii)] together with (fTdl) . For the con¬ 
venience of the reader, we provide a self-contained proof which relies on Proposi¬ 
tions 13.21 and 14.31 instead. 

Proof Define /(z) := -TfvgC^P md ufi for almost every z € Q,. We calculate 



dP{u{z), u{z)) - ap md ufz - zY d£”{z) 


n + p 
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and thus obtain with Propositions I3.2l and l4.3l that 

\e'Xz,u)-fiz)\ ^ , , , ,„-i , . ^p-u . ^p-C{B{z,r)\Ki) 

-^-< ps{2g{z) + ey + {2P + 2P )g{z)P ————— 

n + p Jy{B{z, r)) 

gizrariz') 


’B(z,r)\K, 


+ 2 P-^ —i— r 

mB{z,r)) 

for almost every z € A',-, every £ > 0, and every 0 < r < r,(£). Here, K, and r,(£) 
are as in Proposition 14.31 It follows that ej^iz, u) converges to f{z) as £, r \ 0 for 
almost every Lebesgue density point z of A',. Vitali’s convergence theorem thus 
yields that for every ip € CdO.) we have 


limAf “) - 

r—>0 


f 


<piz)li/g{ap md ud d£^{z). 


This proves (fTTI) and shows that the energy density measure of u is given by (fT6l) . 

□ 

Now and for Lemma 14771 below we assume that X is moreover separable. Fix a 
countable, dense subset {x,);gN For every N e'H define a map (p^ ■. X ^ 
by 

(18) Pn{X) ■= {d{x,xi),... ,d{x,XN)), 

where d is the metric on X. Here, denotes endowed with the sup-norm || • ||oo. 
Note that is 1-Lipschitz for every N eN. We will need the following auxiliary 
result in later sections. 

Lemma 4.7, Let u e W^'P{Q.,X) with p > \ and define ■= Pn ° Then for 
almost every z € Q.we have 

ap md(nAr),(v) y ap md ufiv) as N ^ oo 

uniformly in v e S"~^. In particular, apmd(MA ?)2 converges to apmdn^ with respect 
to the metric d(z„- 

The lemma above implies that for almost every z e H we have 

(19) ap md ufv) = sup \{Xujc,{z), v>| 

leN 

for every v € R”, where Ujcfz) ■= d{xi,u{z)). This together with Proposition 14.61 
yields the representation 

EP{u) = n f f sup l(Xu,fz), v>|/' r/'K"-kv) dX^z) 

JnJs"-' ieN 

for the Korevaar-Schoen energy, thus providing a different proof of the main result 
in OTHl . 

Proof We first note that for all z,z' ^ LI we have that 

WuNiz') - niv(z)||oo / diu(z'), u{z)) 

as y oo. From this it follows that for almost every z € Q and every v € 5”“^ the 
sequence (ap md(MA?)j(v)) is non-decreasing with 


( 20 ) 


lim apmd(MA?)z(v) < apmdM^(v). 

N—^OO 


Let V € S" ^ be fixed. We show that for almost every z € Q equality holds in (l20b . 
Define /(z) := limA?-*oo apmd(MA?)j;(v). It follows from Proposition 14.81 below that 
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for almost every z € O and almost all 5 < t in 1. satisfying {z + rv : r e [ 5 , t]) c Q 
we have 


\\un{z + tv) - un{z + 5V)||o 


f 


ap md{uN)z+rviv) dr < I /(z + rv) dr 


I 


for every N eN. From this we obtain that 


d{u{z + tv), u{z + sv)) < 



/(z + rv) dr. 


Hence, from Proposition 14.31 and the Lehesgue differentiation theorem, we con¬ 
clude that 


apmdn^Cv) < /(z) 

for almost every z € This proves that for fixed v e S"“' equalify holds in (l20b 
for almosf every z € Q. From fhis if easily follows fhaf for almosf every z € Qwe 
have fhaf 


apmd(MA?)z(v) y apmdMj-Cv) 
uniformly in v e S'”"'. This complefes fhe proof. 


□ 


Apart from fhe Korevaar-Schoen energy Ef{u) we will also extensively use fhe 
following energy functional, which will play a crucial role in our paper. Given 
u € VF'’^(Q,Z) we define fhe energy E^(u) of u by 

E^{u) := r J^(apmdM2)dX”(z), 

Jn 

where is as in Section [2] This energy will be of particular imporfance in Sec¬ 
tions 0 and |7J If is nof difiicull fo see fhaf E^ is precisely fhe energy defined in 
IIRes97ll when X is separable and fhus we call E‘l{u) fhe Reshefnyak energy. In¬ 
deed, lef c A be a counfable, dense subsef. Then for every i € N 

|Vm;,,(z)|'’ < J'+Capmdn^) 

for almosf every z € Q, where Ux^iz) ■= d{u{z), x,)- Hence, (O shows fhaf 

J+Capmdwj.) ^ sup|VM^.(z)|'’ 

rsN 

for almost every z € Q and thus the energy considered in IIRes97ll is precisely given 
by E^{u). It can furthermore be proved that £+(«) is the integral of p^, where 
Pu is the minimal weak upper gradient (of a Newtonian representative) of u, see 
IIHKST151 Theorem 7.1.20]. We finally note fhaf E^(-) is related fo fhe Korevaar- 
Schoen energy by 

(21) n-^EP{u) < E^iu) < AEP{u), 

where T > 0 is a consfanf only depending on n and p. Moreover, one has fhe 
equably n~^EP{u) = E^(u) if and only if u is conformal. These properfies follow 
from Lemma |2j2] and fhe remark after Definition |23] 

Throughoul fhe remainder of fhis seclion, lef A be a complele melric space. The 
following lemmas will be useful. 

Proposition 4.8. Let I = {a,b) be an interval and let u € W^'P{I,X) with p > \. 
Then u has an absolutely continuous representative u which satisfies 

r'’ 

^ x ( m ) = I apmdM((l)dt. 

Ja 


(22) 
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In particular, the length function 1 1 —> ix{u\(a,t)) contained in R.). 

Proof. This is a consequence of Lemmas 1.9.2 and 1.9.3 in IIKS93II . Alternatively, 
it can be proved as follows. The existence of an absolutely continuous representa¬ 
tive il of M is a consequence of Proposition l3.2l above and the fact that X is complete. 
Then the representation (l22h follows from the proof of IIAT04[ Theorem 4.1.6] to¬ 
gether with the fact that ap md ufl) - md ufl) for almost every t € (a, b). □ 

Lemma 4.9. Let Q! c M." be a bounded, open set and tp : Q.' ^ Q. a biLipschitz 
map. If u e W^'^{Q.,X)for some p > \ then uo (p e and 

ap md(M o = ap md Utp(z) o d^tp 

for almost every z e Li'. 

Proof. This is a straight-forward consequence of the existence of approximate met¬ 
ric derivatives almost everywhere proved in Proposition 14.31 □ 

The following proposition, which can essentially be obtained from arguments in 
IIKS93I . will be used repeatedly. Let p: I x U —>Qbea biLipschitz map, where 
I - (a, b) is an open interval and U c an open set. For r eU denote by jr the 
curve in Q. given by jrit) p(t, r) for tel. 

Proposition 4.10. Let p > \ and u € X). Then u o e W^’^{LX) for 

almost every r e U and the length of the continuous representative of u o is 
given by 

ix{u oy,)= I ap md Uy^^tfjrit)) dt 
Ja 

for almost every r e U. 

An analogous statement holds when I is replaced by 5 *. We provide a direct 
proof which does not rely on the results in IIKS93L 

Proof. By Lemma |4~9] we have that uo p e x U, X) with 

(23) ap md(M o ^ ap md Uypt) o d(^t,r)T 

for almost every t and r. Proposition 13.21 and Fubini’s theorem imply that u o 
yr € W^’P{LX) for almost every r e U. For such r the absolutely continuous 
representative of « o y^, again denoted by m o y,., satisfies 

C'' 

ix{u oyf) = I ap md(M o y^),(l) dt 
Ja 

by Proposition 14.81 Finally, Proposition |43] together with (1231) yield that for almost 
all t and r we have 

ap md(M o y,.),(!) = ap md(M o p)(t,r){ei) = ap md Uy^^piyAt)), 
where e\ = (1,0 ,..., 0) e R", completing the proof. □ 

We end the section with the following useful result. 

Lemma 4.11. Let p > 1. Then u € X) if and only ifue LP{Q.,X) and 

u € wl’^{Q,X) with 

f J^(apmdMj.)r/X"(z) < oo. 

Jn 

If Q. is convex then the hypothesis that u be in LP{Q., X) is not needed in the ‘if’ 
part. 
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Proof. This is a direct consequence of Proposition 13.11 and the corresponding clas¬ 
sical statement of the proposition when X = K.. □ 

5. Weak lower semi-continuity of generalized integrands 

The aim of this section is to establish a general lower semi-continuity result for 
functionals on Sobolev maps with values in a metric space, Theorem 15.41 This 
theorem will be used to show that the volume functionals of many volume defi¬ 
nitions are lower semi-continuous, see Corollary 15.81 This in turn will be used in 
Section |7] to prove the existence of area-minimizing Sobolev maps. Theorem 15.41 
can furthermore be used to give new proofs of the lower semi-continuity of the 
Korevaar-Schoen and Reshetnyak energies, see Corollaries 15. 6l and l5. 71 

We first recall from Section |2] that S„ denotes the space of semi norms on 1.” 
and that is endowed with the metric coming from the supremum norm on 

Definition 5.1. A function I: W x S„ —> [0, oo) is called generalized integrand 
on R.” ifl{-, s) is measurable for every s & and I{z, •) is continuous for almost 
every z € R”. The function I is said to have bounded p-growth if there exist 
”) and C > 0 such that 


h € L‘ 


loc'' 


I{z, s) < h{z) + CI^{s) 


for almost every z e 


Functions J: S„ —> [0, oo) can and will be naturally identified wifh functions 


X S„ 


[0, oo) independenf of fhe firsf variable. The following elemenfary 


lemma will be needed in fhe sequel. 

Lemma 5.2. Let Q.d'BT be an open, bounded subset, X a complete metric space, 
and p > \. If u ^ X) and i/ J : R” x ^ [0, oo) is a generalized 

integrand on R” then the function z ^ J(z, apmdu^) is measurable. Moreover, if 
I has bounded p-growth then 


/. 


J(z,apmdM2)(7X"(z) < C'(l -t-F^Cn)), 


where C' is a constant depending on I, O, n, and p. 


Proof. Since is separable, one may show exacfly as in fhe proof of IIET761 
Proposition VIII. 1.1] fhaf fhere exisfs a Borel function J: R” x S„ —> [0, oo) 
such fhaf I{z, ■) = I{z, ■) for almosf every z € R”. By Proposition 14.31 fhe map 
z i-> apmdwj. is measurable. Since I is Borel if fhus follows fhaf fhe function 
z J(z, apmdn^;) is measurable. Hence fhe function /(z) := J(z, apmdwj) is 
measurable as well. This proves fhe firsf parf of fhe proposition. 

If I has bounded p-growfh fhen fhere exisf h e L'(R”) and C > 0 such fhaf 

f(z) < h{z) + CJ+Capmduj.) 

for almosf every z € Q. Lemmaand Proposifion l4.6l fhus imply fhaf 
r /(z)<7i;"(z) < ||/i|lLi(n)+ 4C r J^vg(apmdMj.)<7X"(z) 

Jn Jn 

-||/i|b(n) + TCF» 

for some consfanf T > 0 depending only on n and p. This complefes fhe proof. □ 
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We next introduce a variant of the classical quasi-convexity of functions which 
is adapted to our situation. Given a generalized integrand I on R” we define 

Ti{u):= r J(z, apmdMj.)d£”(z) 

Jn 

whenever u € where Q c R” is an open, bounded subset and X a 

complete metric space. 

Definition 5.3. A continuous function J : S„ ^ [0, oo) is called quasi-convex if 
for every finite dimensional nonned space Y and every linear map L : Md ^ Y we 
have 

( 24 ) TAUb) < TAf) 

for every smooth immersion f: B ^ Y with t//\gB - L\dB, where B denotes the 
closed unit ball in R”. 

Note that if || • || denotes the norm on Y then, by definition, ( 1241 ) becomes 

r{B)-i(\\-\\oL)< f i(ii-iiod,f)dr(z). 

Jb 

A function F: A) —> R is said to be lower semi-continuous on X) 

with respect to weak convergence if 

F{u) < liminfF(M/) 

for every u e W^’P(Q.,X) and every sequence (uj) c A) with supjEP{uj) < 

oo and such that uj —> n in LP{Q., A). 

In what follows, a function I ■. Sn ^ [0, oo) is called monotone if I{s) < I{s') 
for all s, s' € with s < s'. The main result of the present section can be stated 
as follows. 

Theorem 5.4. Let I be a generalized integrand on R” and let p > 1. Suppose I is 
of bounded p-growth and I{z, •) is monotone for almost every z € R”. Then I(z,-) 
is quasi-convex for almost every z € R” /f and only if for every open, bounded 
subset n c R” and every complete metric space X the functional 

TAu)'■= r J(z, apmdMj.)d£”(z) 

Jn 

is lower semi-continuous on W^’P(Q,, A) with respect to weak convergence. 

The following proposition will be useful in the proof of the theorem. 

Proposition 5.5. Let I be a generalized integrand on R” of bounded p-growth 
for some p > \. Let Q. <z ML be an open, bounded subset and X a complete 
metric space. Then for every u € W^’P{D,,X) and every e > 0 there exists a finite 
dimensional normed space Y and some \-Lipschitz map (p: X ^ Y such that 

\TA<f ° u) - !Fj(m)| < e. 

Proof. We first consider the case that A is separable. Let {x,),gN c A be a countable 
dense subset and, for N e N, let (/3/v: A ^ be the map defined in (fT^ . Fix 
u € W^’P{Q, A) and lef /, /w: G —> R be fhe functions given by 

fiz) := liz, ap md uJ and fAz) I{z, ap md(^A? ou\), 
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where is the Lipschitz map defined in (fT^ . It follows from Lemma 14771 and the 
properties of I that fy{z) converges to f{z) for almost every z € O and 

/w(z) < h{z) + CJ^Capmdn^), 

where h € L^(R.") and C > 0 are independent of N. By Proposition l4.31 the function 
z 1 -^ /^(apmdn^) is in L'(n). Thus, by the Lebesgue dominated convergence 
theorem, it follows that fy converges to / in L^(n). From this the statement of 
the proposition follows with Y = (^ and (f where N € N is chosen large 

enough. This proves the proposition in the case that X is separable. 

We now treat the general case. After possibly changing n on a set of measure 
zero we may assume that u has separable image. Let X' denote the closure of the 
image of u. Let e > 0. By the first case, there exists a 1-Lipschitz map : X' —> 

such that 

o u) - Ti{u)\ < E. 

Since is an injective metric space there exists a 1-Lipschitz extension (/j: X —> 
of ip'. Since Tjiip o u) = Tjiip' o u) this proves the general case. □ 

We turn to the proof of Theorem 15.41 

Proof of Theorem |5~?1 Suppose first that I{z,-) is quasi-convex for almost every 
z € R”. Let Q c R” be an open, bounded subset and let X be a complete metric 
space. Let u e W*’^(n,X) and let (uj) c X) be such that Uj ^ m in 

V\Q.,X) and sup^ E^fuj) < oo. We claim that it is enough to show that 

(25) Tiip o u) < liminf Tiip o uA 

j^oo 

for every finite dimensional normed space Y and every 1-Lipschitz map (p: X ^ Y. 
Indeed, let £ > 0 and let p be as in Proposition 15.51 Since J(z, •) is monotone for 
almost every z € O it follows that ° “;) ^ E'liuj) for every j € N. Therefore, 
if (1251) holds then we obtain 

Tjiu) - E < Tiip o u) < liminf Tjip o «/) < liminf Tjiuj). 

j->oo ■ ;->oo 

Since e > 0 was arbitrary it follows that 

'FjM ^ liminf !Fj(m/). 

j->°° 

It remains to be proven that (1251) holds. However, identifying Y with R^ via any 
linear isomorphism the statement translates into the classical sequential weak lower 
semicontinuity statement of quasi-convex functionals as it is stated in Theorem 11.4 
of 11AF841I . This proves the if part of the theorem. 

The only if part of the theorem follows from Theorem 11.5 of 11AF841I via iden¬ 
tifying a given A-dimensional normed space Y with R^ via any isomorphism and 
by using Rellich’s theorem. □ 

Throughout the rest of this section, let O c R” be an open, bounded subset and 
X a complete metric space. Using Theorem 15.41 we can give a new proof of the 
lower semi-continuity statement in 11KS931 Theorem 1.6.1]. 

Corollary 5.6. Let p > 1. Then the Korevaar-Schoen energy EP{-) is lower semi- 
continuous on VF^’^(n,X) with respect to weak convergence. 
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Proof. The function J^vg defined in Section |2] is continuous and hence defines a 
generalized integrand on R”. Furthermore, is monotone, of bounded p-growth, 
and satisfies 


EP{u) = 


f- 


Javg(ap md u^) d£"{z) 


for every u € X) by Proposition 14.61 Finally, it is not difficult to see 

that jPyg is quasi-convex in the sense of Definition 15.31 Indeed, let (T, || • ||) be a 
finite dimensional normed space and let B denote the closed unit ball in R”. Let 
L \ B F be the restriction of a linear map and let if: B —> F be a smooth 
immersion such that - L\dB- Fix v € S"“* and denote by IF c R" the subspace 
orthogonal to v. The triangle inequality and Jensen’s inequality imply that for every 
y € IF 

r IfiCv + tv) ■ ||L(v)||^ dt<f Isiy + tv) ■ \\dy+tv(//(y)\\P dt. 

»-'K. »-'M. 

Hence, Fubini’s theorem yields 

r{B)\\L{v)r < f \\d,iij{v)r d^iz) 

Jb 


(26) 

and thus 


ns) • j^vg( 


oL) 




Jfvg( 


\\od,f)driz). 


This shows that is quasi-convex. It thus follows from Theorem 15.41 that EP{-) 
is lower semi-continuous on IF'’^(D,X) with respect to weak convergence. □ 

In the same way one proves the weak lower semi-continuity of £'+(•) and thus 
partly recovers llRes97[ Theorem 4.2]. 

Corollary 5.7. Let p > 1. Then the Reshetnyak energy EP{-) is lower semi- 
continuous on lF^’^(n,X) with respect to weak convergence. 

As a consequence of Theorem 15.41 we have the following result which will be 
used to prove the existence of area minimizers in Section |7J Recall Definition 12.61 
for the notion of quasi-convex volume densities. 

Corollary 5.8. Let p be a definition of volume and n > \. If p induces quasi- 
convex n-volume densities then Vol^(-) is lower semi-continuous on IF^’”(D,X) with 
respect to weak convergence. 

Proof. The function I: <5n ^ [0, oo) given by I{s) := defines a generalized 
integrand on R" which is monotone, of bounded n-growth, and satisfies 


Vo 1 ^(m) = j I(apmd ufidX' 

Ja 


(z) 


for every u € IF‘’”(n,X). Furthermore, I is quasi-convex in the sense of Defini¬ 
tion [531 Thus, the claim follows from Theorem 15.41 □ 

Corollary 15.81 will be used in Section |7] in order to prove the existence of area 
minimizers. 
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6. Quasi-conformality of energy minimizers 

The main purpose of this section is to prove Theorem 1 1.2 1 from the introduction, 
which is restated below as Theorem l6.2l for convenience and which shows that ev¬ 
ery energy minimizing maps is (weakly) quasi-conformal with a universal constant. 
This is well-known when X is Euclidean space, however, the classical proof of this 
result does not to carry over to the general setting of metric spaces. This comes 
from the fact that it seems impossible to obtain a good description of variation of 
the energy if non-Euclidean norms appear as approximate metric derivatives. 

Eet X be a complete metric space. Recalling from Section [2] the definition of 
quasi-conformality of seminorms on R” we now define: 

Definition 6.1. A map u € where O c R” is open and bounded, is 

called Q-quasi-conformal i/apmdu^ is Q-quasi-confornial for almost every z e H. 

Moreover, 1-quasi-conformal Sobolev mappings will be called conformal. We 
note that (R’^-valued) conformal maps according to our definition are called weakly 
conformal by some authors. 

Denote by D the open unit disc in R^. The main result of this section is: 

Theorem 6.2. Let X be a complete metric space. Suppose that u e W^'^{D,X) is 
such that 

e\{u) < e\{u o f) 

for every biLipschitz homeomorphism t/z: D ^ D. Then u is ^-quasi-conformal. 

The proof will furthermore show the following. Suppose that u is as in the 
theorem and, in addition, ap md u^ is induced by an inner product for almost every 
z e D for which apmdu^ is non-degenerate. Then u is conformal. The quasi¬ 
conformality constant V2 is optimal in general as the following remark shows. 

Remark 6.3. Eet fh® 2-dimensional plane endowed with the supremum 

norm. If u € VT'’^(D, is non-constant then u cannot be better V2-quasi- 
conformal. Indeed, there exists a set A c D of positive measure such that u is 
approximately differentiable with T := apd^w non-degenerate at each z e A. Eet 
r > 0 be the largest number so that T(D) contains rB, where B is the unit ball of 
bf. By John’s theorem (see Section 3 of IIBal97ll l we have T{D) d- ArB for every 
A < V2; thus ap md u^ cannot be better than V2-quasi-conformal. 

In Theorem 16. 8 1 we will obtain an analogue of Theorem l6.2l for the energy E^{-). 
In this case, however, we can only bound the quasi-conformality constant by 2 V2-f 
V h, which is probably not optimal. 

Before proving the theorem we establish several auxiliary results. We start with 
the following easy observation. 

Lemma 6.4. Let Q. and Q' be bounded, open subsets of R" and (p: Q' Q. a 
conformal biLipschitz homeomorphism. Then for every u e W^''\Q.,X) we have 
E1{u op) - E^{u) and E"{u o p) = E"{u). 

Proof. By Eemma|A9j we have uo p e W*’”(n', X) and 


ap md(u o p)^{v) = ap md Uip(p^{d^p{v)) 
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for almost every z e Q' and every v e R.". Since v is conformal, 

Lemma 124] implies that 


J” (ap md(M o if)^) = I det d^ip\ ■ J" (ap md 
and 

J”^g(ap md(M o if).) = I det d^if\ ■ /"vgCap md 
for almost every z e Q. The lemma now follows from the change of variables 
formula. □ 


The following lemma proves the infinitesimal version of Theorem 16.21 It is a 
reformulation of Theorem l6.2l for linear maps to normed vector spaces X. 

Lemma 6.5. Let s be a seminorm on R.^ such that for every T e SL 2 (R) we have 

(27) llis) < llis o T). 

Then s is ^-quasi-conformal. Moreover, if s induced by an inner product then s 
is conformal. 

The proof will show that a norm s satisfying (1271) is isotropic in the following 
sense. The ellipse of maximal area contained in the unit ball with respect to the 
norm 5 is a Euclidean disc. 


Proof If s is degenerate then it follows from (1271) that 5 = 0. We may there¬ 
fore assume that s is non-degenerate. After rescaling s, we may also assume that 
l\{s) - 1. Denote by B the open unit ball with respect to s, that is, 

B := {v € : 5(v) < 1). 

Since l\{s) = 1 we have D <z B. We will show that D is the ellipse of largest area 
contained in B. Arguing by contradiction we assume that there exists L e GL 2 (R.) 
with |detL| > 1 and such that L{D) c B. Set A := |detL| and define T := A~^L. 
Then T € SL 2 (R) and T satisfies 

s{T{v)f = A-^s{L{v)f <A-^ 

for every v € D. Thus we have I^(s o T) < 2“' < l\{s), confradicfing (1271) . 
Therefore, no such L exisfs. If follows from fhis fhaf D is fhe ellipse of largesl area 
confained in B and fhus, by definition, D is fhe Loewner ellipse for B. Therefore, by 
John’s fheorem (see e.g. IIAPT041 Theorem 2.18]), we have fhaf B c V2D and fhus 
5(v) >1/ V2 for every v € This shows fhaf s is indeed V2-quasi-conformal. 
Finally, if s is induced by an inner producf fhen B is ilself an ellipse. Since D <z B 
and D is fhe ellipse of largesl area confained in B if follows fhaf B = D and so s is 
conformal. □ 


The nexl simple lemma, essentially a consequence of fhe Lebesgue differenfia- 
fion fheorem, allows us fo obfain from an infinifesimal a local energy-decreasing 
variafion. 


Lemma 6.6. Let D. c ML be an open, bounded subset and X a complete metric 
space. Let p > \ and u e VT^’^(D,X). Let I \ S„ — > [0, oo) be continuous with 
bounded p-growth. Then for almost every zo £ G 

(28) -f J(ap md u^ o T) djf{z) — > I (ap md u^^ o T) 

JB{zo,r) 

as r ^ Ofor every linear map T: R.” —> R.". 
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Proof. It is enough to show that for every e > 0 there exists a measurable set A c Q 
such that JL'\A) < s and such that (1281) hold for every zo ^ 0.\A. 

Let therefore £ > 0. Let / : Q ^ S„ be the function given by f{z) := apmdn^ 
if apmdn^ exists and f{z) = 0 otherwise. By Lusin’s theorem IIFed691 2.3.5], there 
exists A c O measurable with £f{A) < s and such that /|n\A is continuous. 

We first show that for almost every zq £ \ ^ we have 


(29) 


mB{zo,r)) . 

JB{zo,r)nA 


f 

JB(. 


J(ap md o T) d£f{z) —> 0 


as r ^ 0 for every linear map T \ W —> R". By Proposition 14.31 there exists 
g e PPiPl) such that apmdM^(v) < 2g(z)|v| for almost every z e n and every 
V € R". Since I is of bounded p-growth there exists C > 0 such that 


(30) J(ap md o D < C + iPCgiz^Wf 


for almost every z € Q and every T: R" ^ R" linear. Here, ||r|| denotes the 
operator norm of T. The Lebesgue differentiation theorem together with (1301) im¬ 
mediately yields (l29l ) for almost every zo € Q.\ A. 

Let zo £ \ A be a Lebesgue density point of n \ A and such that (1291) holds. We 

show that (1281) holds for zo- For this, let T: R” —> R” be linear. Let d > 0. Since I 
and /b\A are continuous there exists tq > 0 such that B(zo, i^o) ^ and 

I J(ap md u^oT) - J(ap md o r)| < d 


for every z e \ A with |z - Zol < fo- It thus follows that 
I J(ap md u^oT)- J(ap md o T)\ dff(z) 


f 


B(zo,r) 


< d • X"(B(Z0, r)\A) + X"(B(Z 0 , r) n A) • J(ap md o T) 


f 

Jbc 


J(ap md Mj. o T) dfT{z) 

JB{zo,r)nA 

for every 0 < r < tq and hence 

lim sup j- I J(ap md u^oT)- J(ap md o T)\ d£f{z) < d. 

r-»0 JBizo.r) 

Since d > 0 was arbitrary we conclude that (1281) holds for zo- This concludes the 
proof. □ 


The following elementary lemma is, together with Lemma 16.41 the key to the 
localization of the variational argument. 

Lemma 6.7, Let T € GL 2 (R) and let zo £ and r > 0. Then there exists a 
biLipschitz homeomorphism g: R^ —> R^ such that 


g(z) ^zo + P(z- Zo) 

for every z € B(zo, r) and such that g is smooth and conformal on R^ \ B(zo, r). 


Proof After a translation and a dilation we may assume that zo - 0 and r = 1. We 
may furthermore assume that T is diagonal with strictly positive entries. Indeed, by 
the polar decomposition theorem and by diagonalization, we may write T - KTL 
for suitable K,L € 02(8.) and a diagonal matrix T with strictly positive entries. 

We identify R^ with C in the usual way. We may thus assume that T is given 
by T{x + iy) = ax + iby for some a,b > 0 and that zo = 0 and r - \. Set D 
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B(0,1) c C and define a holomorphic function g: C \ D ^ C by g{z) = cz + dz^^, 
where c, d e M. are such that c + d = a and c - d = b. Note that c > 0 and \d\ < c. 
Then g satisfies g{z) = T{z) for every z € C with |z| = 1. Moreover, g is injective 
and satisfies 

(31) c - |r/| < |£)'(z)| < c + |r/| 

for all z. Since g maps the circle {|z| = r} for r > 1 surjectively onto the ellipse 

2 2 

. . y 

^ (cr + dlr)'^ {cr-dlfp- 

it follows that the image of g is all of C \T{D). This together with (l3Tl) implies that 
p is a biLipschitz homeomorphism from C \ D onto C \ T(D). We now extend g to 
all of C by setting g{z) = T (z) for z € D. It follows that g satisfies all the desired 
properties. □ 



We are finally ready to prove the main theorem of this section. 


Proof of Theorem 16^2] In order to prove that u is V2-quasi-conformal it is enough, 
by Lemma [631 to show that for almost every zo € D we have 

(32) J+(ap md < J+(ap md o T) 

for every T € SL 2 (R). By Lemma 1631 we have that for almost every zo ^ D 

(33) -f J+(ap md o T) d£f'{z) —> 3+(ap md o T) 

as r —> 0 for every linear map T: We prove by contradiction that (1^ 

holds for every zo ^ D for which (133) holds. Assume therefore that zo £ T) is such 
that (133 holds but /^(apmdn^,, o T) < J^(apmdM^g) for some T € SL 2 (R). Let 
d > 0 be so small that 


/^(apmdn^g o T) + 3d < /^(apmdMj.,,). 


By (1^ . there exists r > 0 such that B(zo^ r) cc D and such that 

J^(ap md o T) d£}{z) < J+(ap md oT) + 6 


£ 


B(zo,r} 


and 


It follows that 


f 


B(zo,r) 


J^(ap md u^) d££{z) > J+(ap md - d. 


£ 


B(zo,r) 


J^(ap md Mj. o T) d££{z) 




B(zo,r) 


J^(ap md u^) d££{z) - d. 


By Lemma [6771 there exists a biLipschitz homeomorphism p: R^ —> R^ such that 
g{z) - Zo + T“*(z - Zo) for all z € B(zo, r) and such that p is smooth and conformal 
outside B(zo, r). Let (p . D ^ g{D) be a conformal diffeomorphism. Since p(5' *) is 
smooth, if and are smooth up to the boundary. In particular, ^ is a biLipschitz 




PLATEAU’S PROBLEM IN METRIC SPACES 


31 


homeomorphism. Thus, ij^ := g ^ is a biLipschitz homeomorphism from D onto 
itself. We calculate using Lemma [63] and the properties of g that 


E^{u o ijj) 

- r J+(ap md(M O ifj),) d£^{z) 


L 

-£ 

X 


ll(ap md(u o g *)j.) d£}{z) 


Q{D) 

r 

D\B(zo,r) 


I^{apmdu^)d£^{z) + 


D\Bizo,r) 


l\{ap md u^) d£}{z) + 


X 

X 


Q{B{zo,r)) 


J^(apmdMg-i(^) o T)d£^{z) 


I ^(ap md o T) d£^{z) 


< I J^(ap md u^) d£^iz) - 6 £^(B{zq, r)) 

D 

= Eliu) - 6£\B{zo,r)). 


This is in contradiction with the hypothesis of the theorem. We therefore conclude 
that (1^ holds for almost every zq £ D- This completes the proof. □ 

We have the following analog of Theorem 16.2! for the energy considered by 
Korevaar-Schoen. 


Theorem 6.8. Let X be a complete metric space. Suppose that u e W’’^(D, X) is 
such that 

E^{u) < E^{u o (//) 

for every biLipschitz homeomorphism f : D ^ D. Then u is Q-quasi-conformal 
with Q - 2 V2 + Vh. 


The proof of Theorem 16.8! is analogous to that of Theorem 16.2! but uses the 
following lemma instead of Lemma 16.51 Since the result will not be used in the 
sequel and the constant we obtain is worse than that for the £'+-energy we leave the 
details of the proof to the reader. 

Lemma 6.9. Let she a seminorm on R.^ such that for every T € SL(2, R.) we have 

< ll^gis o T). 

Then s is Q-quasi-conformal with Q = 2 V2 + V6. Moreover, if s is induced by an 
inner product then s is conformal. 


Proof. We use the following fact, which can be proved by a straight-forward cal¬ 
culation. Let II • II be a norm on induced by an inner product and let 2 ^ 1- If 
II ■ II satisfies 

2Qll^{\\ • II) < {Q£ + l)JLg(ll • II ° T) 
for every T € SL 2 (R) then || • || is Q-quasi-conformal. 

Let now s be as in the lemma. It is straight-forward to see that if s is degenerate 
then 5 = 0. We may therefore suppose that s is non-degenerate. If s is induced 
by an inner product, then s is conformal by the above fact. In general, by John’s 
theorem (see e.g. IIAPT041 Theorem 2.18]), there exists a norm || • || on induced 
by an inner product such that 


llvll < 5(V) < V2||v|| 
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for every v € This together with the hypothesis yields that 

J2,g(|| • II) < 2j2,g(|| • II o r) 

for every T e SL(2, R). The fact above thus implies that || • || is Q-quasi-conformal 
with 2 = 2+ V3. Hence, s is V22-quasi-conformal. □ 

7. Existence of area minimizers and quasi-conformality 

Given a complete metric space X and a Jordan curve T c X we define A(r, X) to 
be the set of all maps u e W^'^{D,X) such that tr(n) has a continuous representative 
which is a weakly monotone parametrization of T. We refer to Section ITT] for the 
notion of weakly monotone parametrization. 

The main result of the present section can be stated as follows. 

Theorem 7.1, Let ju be a definition of volume which induces quasi-convex 2- 
volume densities. Let X be a proper metric space and F c X a Jordan curve. 
^A(r, X) 0 then there exists u e A(r, X) which satisfies 

Area^(M) = inf |Area^(M') : u' € A(r,X)| 
and which is xfl-quasi-confonnal. 

Remark 16.31 shows that the quasi-conformality factor V2 cannot be improved 
in general. We refer to Definition 14.51 for the parametrized /i-area Areap(M) and to 
Section lTdl for examples of definitions of volume inducing quasi-convex 2-volume 
densities. Since the Busemann (Hausdorff) definition of volume induces quasi- 
convex 2-volume densities, see Section 12.41 Theorem 17.11 in particular, implies 
Theorem 11.11 It is well-known that if X is Euclidean space then every energy 
minimizer is an area minimizer. We will show in Section [TT] that this is no longer 
true in the setting of general metric spaces. 

The proof of Theorem 17.11 will be given after establishing several auxiliary re¬ 
sults. 

Lemma 7.2. Let p be a definition of volume and O c R” an open, bounded subset. 
Let X be a complete metric space and u € W’’”(Q, X). Then 

Volp(M) < Eliu) and Xo\^{u) < CE^{u), 

where C only depends on n. If u is Q-quasi-conformal then 

Eliu) < 2" Vo1^(m) and E^{u) < nQ" Vo1^(m). 

Eor n - 2 the constant C can be taken to be 1. 

In particular, if u is conformal then 

E”(m) = nEliu) = nVoI^(n). 

Proof. Since p is monotone it follows that 

J^Capmdu^) < J+Capmdiij) 

for almost every z e O and thus Vo1^(m) < E+Cn) upon integration. Moreover, 
integrating the above inequality and using Eemma 12.21 and Proposition 14.61 yields 
Vol^(n) < CE"(n) for some constant C depending only on n. If n = 2 then C be 
taken to be I by Eemma ITT This proves the first part of the lemma. 
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If u is 2-quasi-conformal then, by the monotonicity of yu, we obtain 
J”(apmdMj.) < 

for almost every z e Q and thus E1{u) < Q" Vo1^(m) upon integration. Moreover, 
Lemma|2j2l Proposition 14.61 and the inequality above yields 

E"iu) < nEliu) < nQ!' Vo1^(m). 

This concludes the proof. □ 


We have the following variant of the Courant-Lebesgue Lemma which is valid 
for general complete metric spaces. 


Lemma 7.3. Let {X, d) be a complete metric space and u e VT'’^(D, X). Let zo € D 
and 6 e (0,1). Eor each r e (0,1) let jr be an arc-length parametrization of 
{z € D : |z-Zol - A- Then there exists A c {d, Vd) of strictly positive measure such 
that uoy^ has an absolutely continuous representative of length 

(34) 


for every r e A. In particular, i/ |z| > 1 - d then 


(35) 


d(tr(u)(yr), tr(M)(zr)) < n 


2E\u) 

|logd| 


1 

2 


for almost every r € A, where yr and Zr are the points in S ' at distance rfrom zo- 


The proof is a straight-forward adaptation of the classical proof for Euclidean 
spaces. For the classical proof see e.g. BDHSIOH . 

Let X be a complete metric space and T c X a Jordan curve. Fix three distinct 
points P\,P2,P3 e >5' and three distinct points P\,P2,P3 € F. A map u e A(r,X) 
is said to satisfy the 3-point condition with respect to {p\, p2, p^} and {p\,P2,P3]tf 
the continuous representative of tr(M), again denoted by tr(M), satisfies 

(36) tx{u){pi) = Pi for i = 1,2,3. 

Using Femma lTAl one may establish exactly as in the Euclidean case the propo¬ 
sition below. 


Proposition 7.4. Let X, F, pi, and pi be as above and let M > 0. Then the family 
|tr(M) : u € A(r,X) satisfies the 3-point condition (1361) and E^{u) < m| 
is equi-continuous. 

In the above, trfn) refers to the continuous representative of trfn). 

Proof This follows as in the Euclidean case except that the classical Courant- 
Febesgue Femma is replaced by Femma 1731 We refer e.g. to BDHSlOl pp. 257- 
258] for the proof in the classical case. □ 

Using the proposition above we can prove: 

Proposition 7.5. Let X be a proper metric space, Y <z X a Jordan curve, and 
(uj) c A(r, X) a sequence such that 

sup E^{uj) < oo. 
j 
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Then there exist v € A(r,X), a subsequence {ujj^) and Moebius transformations 
fk'- D ^ D such that uj^, o converges to v in L^{D,X). 

Proof. For each 7 € N let D D be a Moebius transformation such that 
Vj := Uj o fj satisfies the 3-point condition (l36]) . By Lemmas 12.21 and [ 6 ^ we have 

E\vj) < lElivj) = lEliuj) 

and hence supy£'^(vj) < 00 . Fix xo e F. By Lemma [L4l we have 

sup I d^ivjiz), Xo) d£^{z) < 00 
jeN JD 

and hence IIKS931 Theorem 1.13] implies that there exist v € W^'^(D,X) and 
a subsequence (vyj which converges to v in L^{D,X). It remains to show that 

V € A(F, X). By Proposition 17.41 the sequence (tr(vyj,)) is equi-continuous and 
thus we may assume, after possibly passing to a further subsequence, that (tr(vy^)) 
converges uniformly to a continuous map c: 5 * ^ X. Then c is a weakly mono¬ 
tone parametrization of F. By IIKS931 Theorem 1.12.2], the traces tr(vy^) converge 
to tr(v) in L^{S^,X)\ hence tr(v) = c almost everywhere on S'. This shows that 

V € A(F, X) and concludes the proof. □ 

We are ready to prove the main result of the present section. 

Proof of Theorem [7771 We first claim that for every u € A(F,X) there exists v € 
A(F, X) which is V2-quasi-conformal and satisfies 

Area^(v) < Area^Cn). 

For this let u e A(F, X) and define 

A„ := {v € A(F,X) : Area^(v) < Areap(M)), 

which is non-empfy since u € A^. Lef («,) c A„ be a sequence such thaf E\{uj) 
ni as 7 —> 00 , where 

m ■.= inf '^E\{u') : u € A„|. 

By Proposition 17.51 that there exist v e A(F,X), a subsequence (M 7 J, and Moe¬ 
bius transformations fk such that Vk '■= uj^ o converges to v in L^{D,X). By 
Lemma |63] and Corollary I5.7l we have 

£'+(v) < liminf E^{vk) - liminf E\{ujf) = m 

k—^oo k —^00 

and Corollary 15. Sl imolies that 

Areau(v) < liminf Area„(M„.) < Area„(M). 

j—*oo ^ 

In particular, v € Aj, and £'+(v) = m. For every biLipschitz homeomorphism 
\fj\ D ^ D we have v o f e Au and therefore 

£'+(v) = m < e\{v o \jj). 

Theorem [C 2 ] thus implies that v is V 2 -quasi-conformal. This proves the claim. 

Let now {uj) c A(F,X) be a sequence with Area^Cwy) —> m' as 7 ^ 00 , where 

m' := inf{Area^(n') : u' € A(F,X)}. 

By the first part of the proof, we may assume that each Uj is V 2 -quasi-conformal. 
In particular, by Lemma |T2j we have E\{uj) < 2 Area^(My) for every 7 and thus 
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supy£'^(My) < oo. Thus we obtain as above that after possibly pre-composing with 
a Moebius transformation and passing to a subsequence, {uj) converges to some 
M€ A(r,X) in l 2(D,X) and 

Area^(M) = m . 

Finally, by the first part of the proof, we may assume that u is V2-quasi-conformal. 
This concludes the proof. □ 

We note that one can use the same methods to obtain the existence of energy 
minimizers as follows. 

Theorem 7.6. Let X be a proper metric space and Y a X a Jordan curve. If 
A(r, X) then there exists u e A(r, X) satisfying 

eI{u) = mf[El{u) : u e A(r,Z)). 

Every such u is s/2-quasi-conformal. 

An analogous result holds for E^ replaced by E'^ and V 2 replaced by 2 V 2 + Vfi. 

Proof The first statement follows from Proposition 17.51 Lemma 16.41 and Corol¬ 
lary |5]7j The second statement is a consequence of Theorem 16.21 □ 

8. Interior regularity of area minimizing discs 

The aim of this section is to prove Theorem l8.21 below. which establishes interior 
regularity of //-area minimizers for arbitrary p and which generalizes the interior 
regularity results stated in the introduction. 

We begin by extending Definition [T3]to arbitrary volumes and by giving classes 
of spaces satisfying the definition. 

Definition 8.1. Let p be a definition of volume, and C, Iq > 0. A complete metric 
space X is said to admit a uniformly lo-local quadratic isoperimetric inequality 
with constant C for p if for every Lipschitz curve c: ^ X of length ixic) < Iq 

there exists u € W^'^{D,X) with 

Area^(M) < Ctxicf 
and such that tr{u){t) = c{t)for almost every t € S ^ 

If the above holds for Lipschitz curves of arbitrary length then X is said to admit 
a (global) quadratic isoperimetric inequality with constant C for p. 

In what follows, if a choice of definition of volume p has been fixed, a uni¬ 
formly /o-local quadratic isoperimetric inequality with constant C for p will simply 
be called a (C, Zo)-isoperimetric inequality. We observe that if X admits a (C, Iq)- 
isoperimetric inequality for some definition of volume p then X admits a (2C, Iq)- 
isoperimetric inequality for any other definition of volume because any two defini¬ 
tions of volume induce areas of Sobolev maps which differ by a factor of at most 
2. Note, however, that area minimizers with respect to two different definitions of 
volume, spanning the same curve, need not have anything to do with each other, 
see Proposition 111.61 

Many interesting classes of spaces admit a uniformly local quadratic isoperi¬ 
metric inequality. This includes homogeneously regular Riemannian manifolds in 
the sense of IIMor48L compact Lipschitz manifolds and, in particular, all compact 
Finsler manifolds. It furthermore includes complete metric spaces all of whose 
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balls of radius at most Zq y-Lipschitz contractible with fixed y in the sense of 
BWenOTL In particular, this applies to complete CAT(a') spaces, k € R, and com¬ 
pact Alexandrov spaces by IIPP93L and, in fact, also to non-compact volume non- 
collapsed Alexandrov spaces, cf. IIPP93II . It moreover applies to complete metric 
spaces with a convex bicombing in the sense of BWenOSII or IILanl3ll and, in par¬ 
ticular, to all Banach spaces and all injective metric spaces. Further examples of 
spaces admitting a uniformly local quadratic isoperimetric inequality are given by 
the Heisenberg groups H" of topological dimension 2n + 1 for n > 2, endowed 
with a Carnot-Caratheodory distance. This follows e.g. from IIA1198II . In all the 
spaces mentioned above the isoperimetric filling of a Lipschitz curve c is given by 
a Lipschitz map of /r-area bounded by C£x{c)^ for a suitable constant C. In the 
case of spaces satisfying the local y-Lipschitz contractibility condition mentioned 
above, the constant C depends only on y. 

The following theorem summarizes our main results concerning the interior reg¬ 
ularity of area minimizing discs. 

Theorem 8.2. Let X be a complete metric space admitting a uniformly local qua¬ 
dratic isoperimetric inequality with constant C. Let pbe a definition of volume and 
let Q > 1. If u € W^'^{D,X) is Q-quasi-conformal and satisfies 

Areap(u) = inf {Area^(v) : v € IT'’^(D,X),tr(v) = tr{u) a.e.^ 
then the following statements hold: 

(i) There exists p > 2 such that u € X); in particular, u has a contin¬ 

uous representative u which moreover satisfies Lusin’sproperty (N). 

(ii) The representative u is locally a-Hblder continuous with a = 

Note that no assumption is made on p and no local compactness condition is 
made on X. Statement (i) and the first part of statement (ii) of Theorem 11.41 are 
consequences of Theorem 18.21 The following example shows that, in the case 
2=1, the Holder exponent a - ^ is optimal. 

Example 8.3. Let S <z be a round circle of radius r e (0,1] in the unit sphere 
S' ^ c and let X be the cone over S, endowed with the intrinsic metric. Then X is 
a complete metric space admitting a global quadratic isoperimetric inequality with 
constant C = -^for any definition of volume p, see e.g. IIMR021 . Let (p: ^ S 

be a natural identification (one which stretches lengths by a constant factor). Then 
the map u : D ^ X given by u{0) = 0 and u(z) - \zYp>{zl\z\) if z 0 is in the 
Sobolev space X), it is conformal and satisfies 

Area^(M) = inf |Area^(v) : v € VF*’^(D,A), tr(v) = tr(M) a.e.j. 

Moreover, u is r-Holder continuous but not s-Holder continuous for any s > r. 

Statement (i) of Theorem 18.21 will be proved in Proposition 18.41 while statement 
(ii) follows from Proposition [8]7] The proof of Proposition 18. 4l uses the isoperimet¬ 
ric inequality in conjunction with a strengthening of Gehring’s lemma. The proof 
of Proposition [8]7] follows the classical approach of Morrey and uses, in particular, 
Morrey’s growth lemma. 
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Throughout the remainder of this section, let /r be a definition of volume, let 
C > 0, /o > 0, 2 > 1, and let X be a complete metric space X admitting a (C, Iq)- 
isoperimetric inequality. Unless otherwise stated, let u € W^’^{D,X) be Q-quasi- 
conformal and such that 

Area^(M) = inf |Area^(v) : v € X),tr(v) = tr(M) a.e.j. 

Our first proposition establishes higher integrability of u. 

Proposition 8.4. There exists p > 2 such that u e X). In particular, u has 

a locally Holder continuous representative u, and u satisfies Lusin’s property (N). 

The proof is based on the local isoperimetric inequality. We first establish two 
lemmas, the first of which shows that short curves with a lT*’^-parametrization 
have an isoperimetric filling. 

Lemma 8.5. Let c: —> X be a continuous curve with £x{c) ^ h- If c ^ 

*,X) then there exists v € W^’^{D,X) with 

Area^(v) < C£x{cf 

and such that fr(v) = c almost everywhere on S^. 

Regarding fhe nofafion c € we refer fo fhe terminology infroduced 

in fhe paragraph preceding Proposifion l3.ll 

Proof. We may assume fhaf I €x{c) > 0. Lef c: 5^ ^ X be fhe consfanf 
speed paramefrizafion of c. By fhe local isoperimefric inequality fhere exisfs w e 
W'’ 2 (D,X) wifh 

Area^(w) < C£x{c)^ 

and such fhaf lr(w) = c almost everywhere on 5 *. Let v: B{0, 2) ^ X be the map 
which coincides with w on D and which gives a ‘linear’ reparametrization from 
c to c on the annulus A := 5(0,2) \ D. More precisely, view c and c as curves 
parametrized on [ 0 , 1 ] by composing with the map s i-> and let g: [ 0 , 1 ] ^ 
[0,1] be the normalized length function given be g{s) := ■ ^x(c|[o,i])- Define v 

on D by V w and define v on A by 

v{re^^‘A ■- c((2 - r)s + {r - l)p(5)). 

Since g € W^’^((0,1)) n 1]) by Proposition 14.81 and since c - c o git follows 
thaf v|^ € VT^’^(A,X) n C^{A,X) and fhaf v coincides wifh c on fhe outer boundary 
of A and wifh c on fhe inner boundary of A. Thus, Lemma [331 implies fhaf v e 
VT’’^(R(0, 2), X) and lr(v)(2z) = c(z) for almosf every z € S ^ Since Area^(vU) = 0 
we moreover have fhaf 

Areap(v) < C£x{cf. 

Identifying R(0,2) wifh D via fhe scaling map we obfain fhe desired isoperimefric 
filling of c. □ 

For fhe nexf lemma, lef u safisfy fhe hypofheses sfafed in fhe paragraph preced¬ 
ing Proposition 18.41 Acfually, fhe quasi-conformalily condifion on u is nol needed 
for fhis lemma. 
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Lemma 8.6. Let Q c D be a domain enclosed by some biLipschitz curve in 
D. If tr{u\a) has a continuous representative, denoted by u\gci, such that u\gci £ 
W^’^{dQ.,X) and if Ix{u\da) < Iq or Area^(M|n) < C/g then 

Area^(i<|n) < ■ 

Proof Let Q. be as in the statement and let /?: 5 * ^ dLl be a biLipschitz homeo- 
morphism. Suppose that tr(n|n) has a continuous representative, which we denote 
by u\dn, such that u\ga, o/3 e lVb 2 (' 5 ' i ^ x) and that ix(u\d£i) ^ k or Area^(nb) < CZg. 

We may assume that £xiu\da) < Iq since otherwise the statement is trivially true. 
By Lemma [831 there exists v € X) such that 

Area^(v) < Cbxiuldnf 

and such that tr(v) = u\dQ o y? almost everywhere. Let ^: D ^ O be a biLipschitz 
map extending /?. Such ^ exists by HTukSOl Theorem A]. By Lemma [T31 the map 
u . D ^ X which agrees with n on D \ Q and with v o <p~^ on n is contained 
in W^'^{D,X) and satisfies tr(M) = tr(M) almost everywhere. Since u is an area- 
minimizer it follows that 


Area^fn) < Area^(M) < Areap(M|z)\n) + Cix{u\acif 
and hence Area^(Mb) < C(x{u\dof'■ This proves the proposition. 


□ 


Using Lemma [831 we can give the proof of Proposition [83] as follows. 

Proof of Proposition \8.4\ Let ro > 0 be such that Area^(M|DnB(zo,2ro)) ^ Cl^ for 
every zo € D. We first show that the function f{z) ■= J^(apmdM^) satisfies fhe 
local weak reverse Holder inequalify 



(37) 


for some consfanf C\ and for every square W of edge lengfh af most 2ro such that 
2W c D, where 2W denotes the square with same center as W but twice the edge 
length. For this, fix a square W cenfered af some point zo € D and of edge length 
2r, where r < rg, in such a way that 2W c D. For almost every 0 < s <2r the map 
tr(M|B(zo,i)) has an absolutely continuous representative, denoted by u\gB{zo,s)^ such 
that u\dB{zo,s) ^ W^’^{dB{zo, i'),X), and such that 


Mu\dB{zQ,s)) = f ap md u^(v(z)) dp(\z) < f f(z)dp(\z), 



where v(z) e 5 Ms the vector orthogonal to z - zo- Hence, Lemma lSAl shows that 



.JdBizo,s) 


for almost every ^^2r < s <2r and thus. Lemma [73[ yields 
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Thus, inequality (iJTl) holds with a constant Ci depending only on C and Q. Since / 
satisfies (iTTl) a strengthening of Gehring’s lemma, see e.g. Theorem 1.5 in IIKin94ll . 
implies that there exists p > 2 such that / € This together with Propo¬ 
sition ED and the Sobolev inequality implies that u € The remain¬ 

ing statements of the proposition follow from Proposition 13.31 This concludes the 
proof. □ 


The following proposition shows that the continuous representative of u is lo¬ 
cally a-Hdlder continuous with a - already mentioned in the introduc¬ 

tion, the Holder continuity is obtained by finding curves in D whose images in X 
have small lengths. Before stating the proposition we define for z\,Z 2 ^ D 


Mzuzi) ■= B{zi, |zi - ziD n Bfe, ki - ziD 
and denote the closure of A(zi,Z 2 ) by Mzi,Z 2 )- Note that 

(38) diam(A(zi,Z 2 )) = V3ki-Z 2 I and X^(A(zi,Z 2 )) > ^ki - ^ 2 !^- 

As before, we assume that u satisfies the hypotheses stated in the paragraph 
preceding Proposition [8Al 

Proposition 8.7. Ifue C^\D,X) then for every 0 < d < 1 and all zi,Z 2 £ B(0, d) 
there exists a piecewise affine curve y in A{z \, Z 2 ) ®(0, 5) from z\ to Z2 such that 

ix{u o y) < L • ki - 22 !", 

where a = where L does not depend on z\ and Z2- Bi particular, for 

every 0 < d < 1 the restriction of u to B(0, d) is a-Hoider continuous. 


If X admits a global quadratic isoperimetric inequality or if Area^(M) < CIq then 
L depends only on E^{u), a, and d and is increasing in E^{u) and d. 

For the proof of Proposition 18.71 we need the following two lemmas, essentially 
due to Morrey. The first lemma gives a bound on energy growth on balls in D and 
the second lemma relates the energy of balls with lengths of some curves. 


Lemma 8.8. If zq ^ D and 0 < ro < 1 - kol cire such that Area^(u|B( 2 o^ro)) ^ Cl^ 


then 


f ll(apmd u^jdX^iz) < \nEl{u\B(za^s))Y s “r^^ 

JBizo.r) 


for alio < r < s < rQ, where a := 

In particular, for every 0 < r < ro we have 


r lliapmdu;,)d£^{z) < 

Jsizo.r) 


[nEl{u)Y 


Proof As in the proof of Proposition 18.41 for almost every 0 < r < ro the map 
tr{u\B{zQ,r)) has an absolutely continuous representative, denoted by u\dBizQ,r), such 
that u\dB(zo,r) ^ W^’^(dB(zo,r),X), and such that 

^x(uldB(zo,r)) ^ I liiapmd u^)dE{^(z). 

JdB(zo,r) 
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For such r, Jensen’s inequality yields 

(39) Mu\dBizo,r)f ^ f J+(apmdu2)r/'K‘(z). 

JdB(zo,r) 

It follows from Lemma [831 that 

Areap(M|fi( 2 o,^)) < C(x(u\aB(zo,r)f ^ ^nC r- J+(ap md u^) d'N^z) 

JdB(zn.r) 


= 27rC ■ r ■ -^EliulBCzo^r)) 


for almost every 0 < r < tq. From Lemma 17^ we thus obtain 

(40) El{u\B(zo,r)) < ■ Area^(u|B(jo,r)) < ■ '^■nC ■ r • ^El{u\B(zo^r))- 

Hence, upon integration, we get 

p2. I X , EI{u\b{zq,s)) 2a 
+ WB{za,r)) ^ ^2a ' ^ 

for all 0 < r < 5 < ro- By Holder’s inequality, 

r J|(ap md u^) d£^{z) < [7:El{u\B{zo,r))\ " r < [7r£'+(M|B(^o„,))]" 

JB{zQ,r) 

This completes the proof. □ 

Lemma 8.9. Let v € W^’^(D,X) n C^(D,X) and let A c D be a convex subset with 
£}{A) > 0. Then for all Z\,Z 2 £ A there exists a piecewise affine curve y in A, 
joining zi with Z 2 , and such that 


(41) ixiv o y) <2 ^ diam(A)^ 


£ 


J^(apmdvj) J|(apmdv2) 


d£\z). 


Iz-Zll \Z-Z 2 \ 

Proof. Given z € A, denote by y^ the piecewise affine curve in A from zi to Z 2 
going through z. Then for almost every z€ Awe have 

2 


(’x(v o yz) = 


TX’ 

2 ^1 

<V Ji.(apmdv^,+,(2_^.))- 

tr-'o 


apmdv^.+t(^-^,)iz- Zi)dt 

\z - Zi\dt. 


Set d diam(A). For i = 1,2 we have 


f f li(apmdv,.+t(z-z,))- 
Ja Jo 


\z - Zi\dtd£ (z) 


f f ^A{Zi + sw)s f li(apmd v^.+nv)dtdsd'p{^ 
UtA) Jsi Jo Jo 


(w) 


< 


£■ 


^ f f ^ f UiZi + tw)li(apmdv^.+tw)dtdsd'p{\w) 
(A) Jsi Jo Jo 

n lAiZi + tw)j|(apmdv^.+,v,) Jt J-K^w) 

. 


2£\A) 
d^ r J^(apmc 
2 Ja k - Zi 


(apmdvj 2 , X 

—] d£ iz)- 

Zi\ 
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There thus exists a subset B c A of positive measure such that (|4T1) holds for every 
z € B. This completes the proof. □ 

Using the lemmas above we prove Proposition 18.71 

Proof of Proposition I& 71 Let ro > 0 be such that Areap(M|£)nB(zQ,ro)) ^ CIq for 
every zo ^ D. Let 0 < d < 1 and let zi,Z 2 ^ B(0,6). Define A := A(zi, zi) B(0, 6). 
Suppose first that |zi - zil ^ ■- minfl - 6,ro}. By Lemma [8^ there exists a 
piecewise affine curve y in A, joining zi with zi, and such that 


(42) 


fx{u oy) <2 ' diam(A)^^ 


JlCapmdu^) l\{&pmAu^) 


Iz-Zll \Z-Z2\ 

Set r := |zi - 22 !- By Lemma [Ql we have for / = 1,2 that 


d£Hz). 




and hence 


I 


f l\{ 2 r^mdu^)d£?'{z) <\nE\{u)Y 

: obtain 
2 


)B(zi,s)\B(zi,2-^s) \Z-Zi\ 
for every 0 < 5 < r. By summing over annuli we obtain 


" 77 -“ 


r 2^l(apmdM^) ^^ 2 . ^ ^ 

- ^^- n 

JB(z„r) \Z-Zi\ (1 


2-“)77" 


Since 2£}{A) > £}{A{zi,Z 2 )) it follows with (|4^ and (1^ that 


fxiu oy)< 


36Eliu) 


•ki-z2r 


a/ttCI - 2 “)77“ 

This proves the proposition in the special case that ki - 22 ! ^ min{l - 6, ro). The 
general case follows from the special case by subdividing the segment from zi and 
Z2- □ 


9. Continuity up to the boundary of area minimizing discs 


The main results of this section are Theorems 19.11 and 19.31 They imply, in par¬ 
ticular, the second part of statement (ii) as well as statement (iii) of Theorem 1 1.41 
Let 77 be a definition of volume, C, Zq > 0, and let X be a complete metric space 
admitting a (C, Zo)-isoperimetric inequality. 


Theorem 9.1. Suppose u € W^’^{D,X) n C^{D, X) is quasi-conformal and satisfies 
Area^fu) = inf {Area^(v) : v € 1T^’^(D,X), tr(v) = tr(M) 77.e.}. 


Iftr{u) has a continuous representative then the map u: D 


u{x) 


u{x) X e D 
tr{u){x) X € 


is continuous. 


X defined by 


The proof relies on the following estimate, which will be applied to a repara¬ 
metrized piece of the area minimizer. 

Lemma 9.2. Let {X, d) be a complete metric space, p e (0,1) and s > 0. Then for 
every v e W^’^(D,X) fi C'^{D,X) satisfying 
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(i) t/(tr(v)(z), v(0)) > sfor almost every z € 5 and 

(ii) d{v(z), v(0)) < ell for all D with |z| < g 


we have 


E\vl-i 


(B(v( 0 ),£))) ^ 


nge^ 

~Y~ 


Proof. By continuity of v and hypothesis (i) there exists for almost every w € S ^ 
some number g e (0,1) such that r/(v(0), v(pw)) > Let g{w) be the smallest 
such g and observe that g{w) > g and r/(v(0), v(p(w)w)) = Thus for every such 
w we have 

(43) I < d{v{gw), v{g{w)w)) < ix{u o y„), 

where [£),p(w)] —> D is the affine curve given by rw. For almost 

every w € 5 ^ the curve uoy^is, absolutely continuous and satisfies 

reiw) ne(w) 

^x(v o Tw) = ap md Vy^,(,.) (w)dr< l\ (ap md v^) dr. 

Jq Jq 

This together with (1431) and Holder’s inequality implies 


J+(apmdv;.H,)(ir > ^-j . 

Integrating in polar coordinates and using the fact that v o yn,(r) € B(v(0), e) for 
almost every w e 5 ^ and all r € [0, g{w)) we conclude that 




r • J^(apmdvrw)r/r(i‘K'(w) > 


ngef 

~Y~ 


The claim now follows with Lemma |2j2l 


□ 


Proof of Theorem \9l\ Let « be defined as in the statement of the theorem. Note 
that u\d and iil^i are continuous. In order to prove that u is continuous on D it thus 
suffices to show that the auxiliary function r: D \ {0} —> [0, oo) given by 


r{x) := d(u(x),u{x/\x\)) 


satisfies f{x) —> 0 as |x| ^ 1. 

In order to show this we will apply Lemma 19.21 to a suitable map v defined 
below. Let 2 > 1 be such that u is Q-quasi-conformal. Set a := and let L be 

the constant from Proposition 18.71 in the case noted after the proposition with the 
parameters E^{u), a, and where the 6 appearing there is to be taken to equal 4. Let 
s e (0,1) and set g min|[(2L)“^e]a, 4|. Choose 6 € (0,1) so small that 


TT 


lllogiSli 


and such that d{u(z), u{z')) < e for all z, z' e 5 ^ with |z - z'l < Vd and 




ngs 


rfi 


for every z € S ^ We claim that r{x) < 3s for every x e D with |x| > 1 - 5. Suppose 
this is wrong and fix an x for which this fails. By Lemma 17.31 there exists r e 
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{6, V^) such that the curve y: {ai,a 2 ) —> D parametrizing {z e D : |z - x/|x|| = r] 
satisfies 


ix{u oy) < n 


I2E^Y 
\|log(5| j 


< e 


I log 6\ 

and lim,^a_. u o y{t) = M(lim,^a, y{t)) for / = 1,2. Set O := D n B{xl\x\, r). From 
the choice of 6 and r it follows that 


(44) 


E (win) ^ E {u\j)f^B{xi\x\, xfd)^ 


< min 



and that tr(M|n) has a continuous representative, simply given by u\gQ, whose image 
is contained in the ball B{x\,2s) with center xi := u{xl\x\). Let D —> O be a 
conformal diffeomorphism which maps the origin to 3 c. Then the map v := u o ^ is 
continuous and satisfies v e W^'^{D,X) by Lemma l4.1 H and is Q-quasi-conformal 
wifh E^{v) - E^{u\q). If we can show fhaf v satisfies fhe hypofheses of Lemma l9^ 
wifh s and g given as above fhen Lemma l9^ and (1441) yield 

noE^ T , 9 9 , npe^ 

—g— < E (v|v-1 (5 (v(0 ),£))) < E (v) - E {u\a) < —g—, 

which is impossible. Therefore, we musf have r{x) < 3e as claimed. 

If fhus remains fo show fhaf v satisfies fhe hypofheses of Lemma l9.2l As already 
mentioned, v is continuous and satisfies v € W^’^{D,X). In order fo esfablish 
properfy (i) of Lemma l9^ nofe firsf fhaf ip exfends fo a homeomorphism from D fo 
n which is locally biLipschifz away from fhe preimage of fhe fwo ‘corners’ of dQ.. 
If follows fhaf fr(v) has a continuous represenfafive, denofed by fhe same symbol, 
satisfying 

lr(v) ^ fr(M|n) o ^ u\dn o ip\si 
everywhere. Since f{x) > 3s we obfain fhaf 


d(v( 0 ),lr(v)(z)) > d{u{x),x\) - d(Ai,lr(v)(z)) > r{x) -ls>s 

for every z e S ^ showing (i). We will use Proposition 1 8.7 1 fo esfablish (ii). For fhis 
we firsf claim 

(45) Area^(v) = inf |Area^(w) : w € IT'’^(D, A),lr(w) = lr(v) a.e.j. 

In order fo see fhis, lef w e X) be such fhaf fr(w) = fr(v) almosf everywhere. 

Then w o € W^'^{Q.,X) and, moreover, 

fr(w o ip-^) = tr(w) o ip~^\dci = tr(M|n) 

almosf everywhere on dEl. The area minimizing properfy of u and fhe discussion 
af fhe end of Section |3]fhen yield 

Area^(v) = Area^(M|n) < Area^(w o ^“') = Areap(w), 

which proves (1451) . Lemma |7!2] and (1441) imply 

Areap(v) < E^{v) < Cl^ 

and hence Proposition I8.7l implies fhaf fhe resfricfion of v fo fhe closed ball B{0, 
is a-Hdlder confinuous wifh consfanf L. If follows fhat 

r/(v(z),v( 0 )) < L|zr 

for every |z| < g, esfablishing (ii). We conclude fhaf v safisfies fhe hypofheses of 
Lemma |9^ This complefes fhe proof. □ 








44 


ALEXANDER LYTCHAK AND STEEAN WENGER 


As for the second main result of this section recall that a rectifiable Jordan curve 
r c X is called a chord-arc curve if there exists d > 1 such that for any x,y eV the 
length of the shorter of the two segments in F connecting x and y is bounded from 
above by A ■ d{x,y). 

Theorem 9.3. Let F c X be a chord-arc curve and suppose u € A(F, X) is quasi- 
conformal and satisfies 

(46) Area^(M) = inf jArea^Cv) : v e A(F,X)|. 

Then the continuous representative of u is Holder continuous on all of D. 

In fact, after possibly pre-composing with a Moebius transformation the contin¬ 
uous representative if of u is /3-Hdlder on all of D with 

1 

AnQ^C{\ + lAf ■ 

Here, Q is the quasi-conformality factor, A the parameter in the chord-arc con¬ 
dition for F, and C is the isoperimetric constant. If Area^(M) < CZq then it will 
furthermore follow that the Holder constant L of « is given by L = M(fi) ■ for 
some decreasing function Mif). Note that Theorem 19.31 implies statement (iii) of 
Theorem 1 1.41 

Proof By Theorems 18.21 and 19.11 we may assume that u is continuous on all of 
D. Fix three points P\,P 2 ,P 3 e at equal distance from each other and let 
<? 2 > <?3 € F be three points such that the three segments into which they divide F 
have equal length. After possibly pre-composing u with a Moebius transformation 
we may assume that u satisfies the 3-point condition u{pi) - qt for i - 1,2,3. Let 
0 < ro < 5 be such that Area^(M|/)nB(z,ro)) ^ Cl^ for every z € D. We claim that it 
is enough to prove that 

(47) Area{u\DnB(z,r)) ^ C{1 + 2A)^ ■ £x(‘^lDndB(z,r))^ 

for every z € D and almost every r € (0, ro). Indeed, if (1471) is true then one argues 
as in the proof of Lemma 8.8 to obtain 

r l\{apmAuw)d£^{w) < [7r£'^(M)l^ 

JB(z,r) ^ ^ 

for every z € D and every r € (0, ro). Finally, the proof of Proposition 8.7 shows 
that for all zi, Z 2 £ L> one has 

2y3-l 

d(u(zi), U{Z 2 )) < K ■ ■ ki - Z 2 f 

for some universal constant K. From this the statement of the theorem follows. 
Note that if Areap(M) < CZq then ro can be taken to be j. In this case we have 
E^(u) < Area(M) < Q^CbxiLf' and hence 

d(u{zi), u{z 2 )) < Mifi) ■ Z’x(F) • |zi - Z 2 l^ 

with Mifi) = K ^Jfiil - 2“Z^)j for some universal constant K, yielding the remark 
after the theorem. 

It remains to show that (1471) holds. For this, let z € D. Then u\Dr\dB(z,r) ^ 
W^’^(D n dB(z, r), X) for almost every r e (0, ro). Fix such r. If 0 < r < 1 - |z| then 

Area(ulB(z,r)) ^ Cbx(ulgB(z,r))^ 
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by Lemma 8.6 and hence (1471) in this case. If r > 1 - |z| then denote by a and b the 
intersection points of S ^ with dB{z, r). Since ulgi satisfies the three-point condition 
and weakly monotonically parametrizes T it follows that 

2 

^x(M|slnB(z,r)) ^ 2 ^ 

and hence the chord-arc property implies 

(48) ^A-(M|sinB(z,r)) ^ 24 • d(u(a), u{b)) < 24 • ix{u\Df^dB(z,r))- 

Set O D n B{z, r), and let yS: S ^ —> dQ. be an orientation preserving biLipschitz 
homeomorphism. By (1481) we have 

(49) £x{u ° P) < {I + 24) • €x{u\Df^dB{z,r))- 

Let 7 c S' be the segment that gets mapped by yS to S ^ n B{z, r). Define a homeo¬ 
morphism ijj-. ^ such fhaf i/'l 51\7 is fhe identify and such fhaf on J fhe map 
(/^ is a homeomorphism of J as in Lemma 12.11 for fhe curve u o [i. It follows that 
uopoij/ € IL'’^(S \X). Now, employing an argument similar to that in the proof of 
Lemma [8^ and using (1491) as well as the fact that u satisfies (|4^ . one shows fhaf 
Wh holds. Indeed, by Lemma [831 there exists v € W^'^{D,X) such that 

Areayj(v) < C€x{u o pf 

and such that tr(v) = uo p o ij/ almost everywhere. Let g: ^ S' be the home¬ 

omorphism which is given by yS o ^ o on yS(7) and which is the identity on 
\ yS(7). Let (fi-. D ^ Q. be a. biLipschitz map extending yS. Such tp exists by 
liTuk801 Theorem A]. Let u \ D ^ Xhe the map which agrees with « on D \ Q 
and with v o on Q. A similar argument as in the proof of Lemma 1331 shows 
that u € W^'^{D,X) and tr(M) = u o g almost everywhere. Since u satisfies (|4^ if 
follows fhaf 

Area^fu) < Areap(M) < ATeapu\o\a) + C£x{u o pf 

and hence 

Areayj(ub) < C£x{k- ° P?' ^ <2(1 -i- 24)^ • £x(jADndB{z,r)f'■ 

This proves (1471) and complefes fhe proof of fhe fheorem. □ 

10. Proofs of Corollaries IL5I and IL6I 

Throughouf fhis secfion, lef yu be a definifion of volume which induces quasi- 
convex 2-volume densities. 

Corollary 1 1.61 is a special case of the following result. 

Theorem 10.1. Let X be a proper, geodesic metric space admitting a global qua¬ 
dratic isoperimetric inequality with some constant C for p. If C < -^ then X is a 
metric tree, that is, every geodesic triangle in X is isometric to a tripod. 

Proof It suffices to show that X does not contain any rectifiable Jordan curve. 
Suppose fo fhe confrary fhaf fhere exisfs a rectifiable Jordan curve T in X. The 
global quadrafic isoperimefric inequalify implies fhaf A(r, X) t 0. By Theorem l7.ll 
fhere exisfs u € A(r,Jf) which is V2-quasi-conformal and minimizes fhe yU-area 
among all maps in A(r,X). By Theorem 18.21 we may assume u fo be locally a- 
Hdlder continuous wifh a = Since a > 1 if follows fhaf u is consfanf on D, 
thus contradicting the fact that tr(M) is a weakly monotone parametrization of the 
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Jordan curve F. If X satisfies property (ET) then u may be chosen to be conformal 
and hence locally a-Hdlder continuous on D with a - Therefore, if C < ^ 
then O' > 1 and it follows that u is constant. □ 

Recall that a metric space X is injective if it is an absolute 1-Lipschitz retract. 
Equivalently, X is injective if for every metric space Y, every subset A <z Y, and 
every Eipschitz map from A to X there exists a Eipschitz extension to all of Y with 
the same Eipschitz constant. Examples of such spaces include metric trees, £°°{W) 
for every set W, and L°°{Z,fj.) for any measure space Every injective space 

is complete and geodesic, see e.g. HEanlSL 

Theorem 10.2. Let E <z X be a rectifiable Jordan curve. Then there exists u € 
A(r, X) such that 

Area^fu) = inf |Area^(v) : v € A(r,X)| 

and such that u is s/l-quasi-conformal. Moreover, u e ,X) for some p > 2, 

and u has a representative which is continuous on D and locally ^-Holder contin¬ 
uous on D. 

No assumption on local compactness of X is needed. It applies, in particular, to 
all L“-spaces. 

We begin with the following lemma. 

Lemma 10.3. Let X be an injective metric space. Then X admits a global isoperi- 
metric inequality with constant ^forp. 

Proof. Eet c: S' ^ X be a Eipschitz curve such that r := (x{c) > 0. Eet c: S * ^ 
X be the constant speed parametrization of c. Endow S ^ with the length metric. 
Then c is (27r)“V-Eipschitz and, since X is injective, it has a (27r)“V-Eipschitz 
extension tp to the standard upper hemisphere S \. Pre-composing p with a bijective 
Eipschitz map from D to 5 ^ which restricts to the identity on S' we obtain a 
Eipschitz extension w: D ^ X of c whose /r-area is bounded above by 

Area^(w) < Eip(^)^ • Area(5'+) < (27r)“^r^. 

Now, one constructs exactly as in Eemma[83]a map v: R(0,2) ^ X which coin¬ 
cides with w on D and which gives a ‘linear’ reparametrization from c to c on the 
annulus B(0,2) \ D. Since c is a Eipschitz map it follows from the construction that 
V is Eipschitz; moreover, Area^(v|A) = 0. Identifying 5(0,2) with D via the scaling 
map we thus obtain a Eipschitz extension of c to D whose p-area. is bounded by 
(2n)~^r^. This completes the proof. □ 

Proof of Theorem \10.2\ By IIIsb64L there exists an injective hull Y of E, which is 
moreover compact and isometrically embeds into X, see also IIEanl3L Since Y is 
injective there exists a 1-Eipschitz retraction r: X ^ E. By Eemma flO.31 Y admits 
a global isoperimetric inequality with constant C = ^ for p. In particular, we 
have that A(E, Y) 0. By Theorem 17.11 there exists u e A(E, E) which is V2- 
quasi-conformal and minimizes the p-aiea among all maps in A(E, E). Since r is a 
1-Eipschitz retraction it follows that u also minimizes the p-aiea among all maps 
in A(E,X). Theorem IS. 21 shows that u € W^j^{D,X) for some p > 2 and that u has 
a representative which is locally a-Hdlder with a - ^ = |. By Theorem 19.11 
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the continuous representative of u extends continuously to D. This completes the 
proof. □ 

Given a metric space T homeomorphic to S * and of finite length, define 

:= inf{Areap(v) : Y complete, i: T ^ F isometric, u € A(i(r), F)). 

Corollary [T3]is a special case of the following result. 

Corollary 10.4. There exist a compact metric space X, an isometric embedding 
I: r X, and a map u e A(t(r), X) such that 

Areap(M) = m{T,p). 

Moreover, u is xll-quasi-conformal and has a representative which is continuous 
on D and locally ^-Holder continuous on D. 

Proof. Let X be an injective hull of T, see Ksb64ll . By Theorem 1 10.21 there exists 
u € A(r, X) with minimal area among maps in A(r, X) and which satisfies the reg¬ 
ularity properties required in Corollary 110.41 Finally, since X is an injective metric 
space and since the area does not increase under compositions with 1-Lipschitz 
maps, we have 

m(Y,p) = inf{Area^(v) : v € A(r,X)) 

and hence Area^fn) = m{T,p). This completes the proof. □ 

11. The infinitesimally Euclidean case 


In what follows let {X, d) be a complete metric space. 

Definition 11.1. We say that X has property (ET) if for every u € W^'^{D,X) the 
approximate metric derivative ap md u^ is induced by a possibly degenerate inner 
product at almost every z ^ D. 


Many geometrically interesting classes of spaces have property (ET). Eor in¬ 
stance, this is the case for Riemannian manifolds with continuous metric tensor, 
metric spaces of curvature bounded from above or below in the sense of Alexan¬ 
drov, and equiregular sub-Riemannian manifolds. In order to see this, we only need 
to observe that in every such space no metric blow-up (tangent cone) at any point 
may contain non-Euclidean normed metric spaces. Then the result follows from 
the proposition below. We refer to IIBH99II for basics on ultralimits and to | |Eyt04 1 
for more about blow-ups and tangent cones. 


Proposition 11.2. Let cube a non-principal ultrafilter on N. Suppose that for every 
X e X, there is some sequence rj oo such that the ultralimit of the sequence 
(X, rjd, x) does not contain isometrically embedded 2-dimensional non-Euclidean 
normed spaces. Then X has property (ET). 

Proof. This follows directly from Proposition 14.31 □ 

Another interesting class of spaces with property (ET) is given by infinitesimally 
Hilbertian metric spaces with (synthetic) Ricci curvature bounded below. More 
precisely, if {X,d,m) is an infinitesimally Hilbertian CD*(K,N) space for some 
X € R. and N € [l,oo), see e.g. BGMRarll for the terminology, then {X,d) has 
property (ET). Indeed, for each x e X the collection of (measured) tangents of 
(X, d, in) is non-empty and each tangent (F, dy, n) is an infinitesimally Hilbertian 
CD*(0, A) space, see (2.7) of HGMRarl . In particular, by HBSIOL the support of 
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the measure n is all of Y. Thus, if Y coutaius a uormed plaue V theu the Splittiug 
Theorem | Gigut] implies that V must be Euclideau. From this aud Propositiou lll.2l 
it follows that X has property (ET). 

The validity of property (ET) simplifies mauy results aud formulas. 

Theorem 11.3. Let X satisfy property (ET) and let u € W^'^{D,X). If 

e\{u) < e\{u o f) 

for every biLipschitz homeomorphism f.D^D then u is conformal. The same 
statement holds when E\ is replaced by E^. 

Proof This follows from the same argumeuts as iu the proof of Theorem 16.21 lu- 
deed, siuce ap md comes from au iuuer product for almost every z € D for which 
ap md Uy is uou-degeuerate, it follows from (1^21) aud Eemma 16.51 that ap md is 
couformal for almost every z € D. Heuce, u is couformal. Usiug Eemma [6^ 
iustead of Eemma [63] oue obtaius the secoud statemeut. □ 

If X satisfies properfy (ET) fheu for every u € W^'^(D,X) aud auy fwo def- 
iuifious of volume p\ aud p 2 oue has Area^j(u) = Area^jC^) t>y properly (i) of 
Defiuifiou l2.51 We will Iherefore simply wrile Area(u) iu Ihis case. 

Theorem 11.4. Let X satisfy property (ET) and let F c X be a Jordan curve. If 
u € A(r, X) satisfies 

Eliu) = mf [eI(u) : u € A(r,X)) 
then u is conformal and an area minimizer, that is, 

Areafu) = iuf |Area(M') : u' € A(r, A)j . 

The same statement holds when E^ is replaced by E^. 

Proof. The facf lhal u is couformal is a direcf cousequeuce of Theorem 111.31 We 
show lhal u is au area miuimizer. Arguiug by coulradicliou we assume Ihere exisls 
V € A(r, X) such lhal 

Area(v) < Area(u). 

Arguiug exaclly as iu Ihe firsl pari of Ihe proof of Theorem 17.11 bul usiug Theo¬ 
rem [TT3]iuslead of Theorem 16.21 oue shows lhal Ihere exisls w € A(r,X) which is 
couformal aud satisfies 

Area(w) < Area(v). 

Togelher wilh Eemma |7!2] oue Ihus oblaius lhal 

e\(w) = Area(w) < Area(M) = e\{u) 

which coulradicls Ihe fad lhal u miuimizes E\. Il follows lhal u is au area miui¬ 
mizer. The proof for E'^ is aualogous. □ 

Combiuiug Theorem 1 11 .41 wilh Theorem 17. 6 1 we oblaiu Ihe exisleuce of coufor¬ 
mal area miuimizers. 

Corollary 11.5. Let X be a proper metric space satisfying property (ET) and let 
E c X be a Jordan curve. If A(r, X) % then there exists u € A(r, X) which 
minimizes the E\-energy among all maps in A(r,X). Every such u is conformal 
and minimizes the area among all maps in A(r, X). 
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The same holds with E^. replaced by the Korevaar-Schoen energy E^. 

We now show that in spaces without property (ET) area minimizers with respect 
to two different definitions of area are in general different. 

Proposition 11.6. Let fx and jl be quasi-convex definitions of volume such that 
jUy fiv for some normed plane V. Then there exist a metric space X biLipschitz 
homeomorphic to and a closed biLipschitz curve E in X such that for every 
u € A(r, X) with 

Areap(M) = inf |Area^(v) : v e A(r,X)| 
there is some v € A(r, X) with Area^(v) < Area.p{u). 

It follows, in particular, that energy minimizers with respect to a fixed defini¬ 
tion of energy (for example the Reshetnyak or Korevaar-Schoen energy) can in 
general only be area minimizers with respect to at most one definition of area. In 
IIEWI5II we show that Reshetnyak energy minimizers are in fact area minimizers 
with respect to the intrinsic Riemannian volume /i' and that, more generally, for 
every suitable notion of quasi-convex energy E there is an induced quasi-convex 
definition of area jj such that E-energy minimizers are /f-area minimizers. 

Proof Let || • || be a norm on such that pv ^ fiv for V = (R^, || • ||). We may 
assume that pv < Pv, the proof for the other case being analogous. Let T > 0 be 
such that 

Pv{D) < A^n < pv{D), 

where D denotes the Euclidean unit disc as usual. Let Di and D 2 be two copies of 
D. Endow Di with the metric coming from the norm || • || and D 2 with A times the 
Euclidean metric. Let X be the metric space obtained by gluing Di and D 2 along 
their boundaries, endowed with the quotient metric. Then X is biLipschitz homeo¬ 
morphic to the standard sphere and, in particular, admits a (C, /o)-isoperimetric 
inequality for some C,lo > 0 for every definition of volume. Embed D, into X via 
the natural inclusion and denote by T c X the boundary of D,. Then E is a closed 
biLipschitz curve. Eor j = 1, 2, let u j: D ^ Dj X be the natural inclusion. 
Then uj e A(r,X) and Area^(M2) - A^tt and Area^(Mi) = pviD). 

Let u e A(r, X) be such that 

Area^(n) = inf |Area^(M') : u e A(r,X)|. 

Since A(r,X) is not empty such u exists by Theorem 17. II We claim that 
(50) kxe&fiiu) > pv(L>) 

and thus Area^(M) > pv{L>) > A^n = Area^(M 2 )> which shows that u is not an area 
minimizer in A(r, X) for p. 

It remains to prove (l50b . Due to the quasi-convexity of p, p, and E^ and Propo¬ 
sition |73] we find a map u € A(r,X) which has minimal -energy among all 
maps V € A(r,X) satisfying Area^(v) = Area^(M) and Areap(v) < Area^(M). By 
Theorem 16.21 such a map u is quasi-conformal. 

By Propositions 18.41 and 19.11 we may assume that u is continuous on D and 
satisfies Lusin’s property (N). In particular, there exists i € {1,2} such that D,- c 
m(D). Since 

pv{L>) = Areap(Mi) > Areap(M) 

the area formula thus implies that i = 1 and hence that Area^(M) > pv{L>). Since 
Area^(u) > Area^(M) this proves (1501) and completes the proof. □ 
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We conclude the paper by noting that property (ET) implies a corresponding 
property in all dimensions. 

Proposition 11.7. Let X satisfy property (ET), let n € N, and let Q. <z W be an 
open, bounded subset. Then for any u e X) and almost every point z € Q 

the approximate metric derivative apmdn^ is induced by a possibly degenerate 
inner product. 

Proof. We may assume that Q is a ball since the claim is local. We now argue 
by contradiction and assume that u € X) is such that, on a set of strictly 

positive measure, ap md u^ is not induced by a possibly degenerate inner product. 
Fix a countable dense set of 2-planes Vi in R”. Slicing Q. by translates of the Vi, we 
find a point z e O at which ap md u^ exists and is non-degenerate, is not induced 
by an inner product, but is such that the restriction of ap md u^ to each E, is given 
by an inner product. However, by the parallelogram identity, a norm comes from 
an inner product if and only if its restriction to each 2-plane comes from an inner 
product. By the density of the planes E, this leads to a contradiction. □ 
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